Lecture 20
Implicit ditferentiation;
introduction to integration




OUTLINE

dImplicit differentiation (HELM 11.7)

JIntegration (the basics; HELM 13.1, 13.4,13.5)

NOTE: The material for the first topic is identical to the handwritten notes posted on Moodle.




Implicit differentiation: why?

x‘+y?=4

F(x,y) =0

where
F(x,y) = x*+y*—4
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Implicit differentiation: why?

F(x,y) = x> +y?—4

|
x2+y2=4 : xt+y2=4 y? =4 — x? :
|
|
| y = +4—x? |
|
| |
|
Flx,y) =0 | |
" : Y2 (x) = =4 — x? :
where - :
| |
| |
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Implicit differentiation: why?

X2 + 2% = 4 x3+y3—3xy=0 (‘folium of Descartes’)
G(x,y) =0
F(x,y) =0
where
where
G x; — x3 + 3 - 3X
Flx,y) = x% +y? — 4 (x,y) y y
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Implicit differentiation: why?

In an expression of the form
F(x,y) =0

it is not always possible to

solve for y in terms of x.

In other words, we can’t easily find
a function f such thaty = f(x).

Examples:

—

x+y —cos(xy) =0
x?+siny —2y =0

x?—xy—y%2—=2y=0



x+y —cos(xy) =0

e 1 e ,
Implicit differentiation: why: L7 .

AN x

eq1
this is obtained )
with GeoGebra




x+y —cos(xy) =0
Implicit differentiation: why?

y
Xo= given value
Locally, in the vicinity of this value, . R~ _ TANGENT
y is an implicit function of x \ > X
(see graph on the right) ; T 5 *0 A 4

eq1
this is obtained
with GeoGebra




x+y —cos(xy) =0
Implicit differentiation: why?

y
Xo= given value
Locally, in the vicinity of this value, . W~ TANGENT
y is an implicit function of x \\\ X
. &

(see graph on the right) ; 1 ) xOU ANE 4
Implicit differentiation allows us to find

dy L

—_— at XO eq1

dx this |s obtained

. . . . with|GeoGebra

without needing an explicit formula for y 4
in terms of x



Implicit differentiation: how?

Example1: x3+y3—3xy =0



Implicit differentiation: how?

Example1: x3+y3—3xy =0

Suppose we have y = y(x) in the vicinity of x = x,.
Then we write:

x°+ () —3x-y(x) =0



Implicit differentiation: how?

Example1: x3+y3—3xy =0

Suppose we have y = y(x) in the vicinity of x = x.
Then we write:

x>+ (y(x))* =3x-y(x) =0 % {xB + (y(x))® —3x - y(x)}= 0

d d d
E(XB) + E{()’(X))B} — 3E{X - y(x)} =0



Implicit differentiation: how?

Example1: x3+y3—3xy =0

Suppose we have y = y(x) in the vicinity of x = x.
Then we write:

x>+ (y(x))* =3x-y(x) =0 % {x3 + (y(x))® —3x - y(x)}= 0

d d d
a(xg) + E{(y(x))g’} — 35{96 -y(x)} =0

d d
3%+ 3(y(0)*> —3{y<x>+xd—§} =0



Implicit differentiation: how?

Example1: x3+y3—3xy =0

Suppose we have y = y(x) in the vicinity of x = x.
Then we write:

x>+ (y(x))* =3x-y(x) =0 % {x3 + (y(x))® —3x - y(x)}= 0

d d d
a(xg) + E{(y(x))g’} — 35{96 -y(x)} =0

d d
3%+ 3(y(0)*> —3{y<x>+xd—§} =0

d
(2 =)+ (2 =) 2 =0



Implicit differentiation: how?

Example1: x3+y3—3xy =0

Suppose we have y = y(x) in the vicinity of x = x,.
Then we write:

x>+ (y(x))* =3x-y(x) =0 % {x3 + (y(x))® —3x - y(x)}= 0

d d d
a(xg’) + E{(y(x))g’} — 35{96 -y(x)} =0

d d
3%+ 3(y(0)*> —3{y<x>+xd—§} =0

dy y-—x*

= (x # y?)
dx y?—x

d
(2 =)+ (2 =) 2 =0




Implicit differentiation: how?

Example 2: x4+ y2=4 T




Implicit differentiation: how?

Example 2: x%+yt=4 T

Suppose we have y = y(x) in the vicinity of x = x,.
Then we write:

d d
X2+ (y())2= 4 o= s @=o



Implicit differentiation: how?

Example 2: xt+y% =4 5

Suppose we have y = y(x) in the vicinity of x = x,.
Then we write:

d d
X2+ (y())2= 4 o= s @=o

d d
2x+2y(x)d—2:=0 x+y(x)d—i]=0



Implicit differentiation: how?

Example 2: xt+y% =4 5

Suppose we have y = y(x) in the vicinity of x = x,.
Then we write:

d d +
2 2 4 _ 2 28— —
2+ () ozl Zw =
dy dy
2X+2y(X)E—O X+y(X)E—O
dy b
Make dy/dx the subject: | 7. = ~ = (v #0)
X y the points (+2,0) are excluded;

the tangent at these points is vertical, i.e.
the slope is infinite.



Implicit differentiation: higher-order derivatives

This strategy can be extended to higher-order derivatives:

we will use Example 2

dy X ) ) to illustrate how
— = —— (found on the previous slide) this works

dx y



Implicit differentiation: higher-order derivatives

This strategy can be extended to higher-order derivatives:

d_y __x (found on the previous slide)
dx y
d’y d (dy
dx?2  dx \dx
N\ Y
'S

by definition



Implicit differentiation: higher-order derivatives

This strategy can be extended to higher-order derivatives:

d_y __x (found on the previous slide)
dx y




Implicit differentiation: higher-order derivatives
This strategy can be extended to higher-order derivatives:

d_y __x (found on the previous slide)
dx y

d*y d (dy\ d( x\ d[x
dx? dx\dx) dx\ y]  dx\y




Implicit differentiation: higher-order derivatives
This strategy can be extended to higher-order derivatives:

d_y __x (found on the previous slide)
dx y

d*y d (dy\ d( x\ d[x
dx? dx\dx) dx\ y]  dx\y




Implicit differentiation: higher-order derivatives

This strategy can be extended to higher-order derivatives:

dy
dx vy

(found on the previous slide)




INTEGRATION

HELM 13.1, 13.4,13.5



What is integration?

/ differentiate \
2

€T 2x

L x?) =2
dxx = 4X



What is integration?

differentiate \

2T

/r
\ integrate 4/

72

Integration is the reverse process of differentiation

2 2



Integration is the reverse process of differentiation

d
—(x%) = 2x
_ _ dx
/y differentiate \
2 21
\ integrate “/
d d
— (x*+2) =2x — (x* +3.5) = 2x

dx dx

d
— (x? = 50) = 2x, ETC
dx



Terminology

2t do = 22 + ¢

integral/' e
sign / \
constant of integration

this term is
called the

integrand there must always be a

term of the form dz

d
—(x% +¢) = 2x
dx

INTEGRAND




Terminology
(general case)

ff(x) dx =F(x)+c

F'(x) = f(x)




Terminology
(general case)

ff(x) dx =F(x)+c

. o ™
** indefinite integral
s anti-derivative

~ of f(x)

*** primitive

F'(x) = f(x)




Table of common integrals

Table 1: Integrals of Common Functions

function indefinite integral
f@ | [ s
constant, k | kx + ¢
x %332 +c
2 %:1:3 +c

In—l—l

n , —1
x 1 1 +c, n#
vt (or =) | In|z|+c
T

COS T sinx + ¢
Sin x —cosx +c

1
cos kx A sinkz + ¢

1

sin kx ~Z coskx + c




I Key properties

/kf(a:)dx:k/f(m)dm

indefinite integration
/[f +g(z) ] do _/f d33+/9 is a linear operation

150 da:—/f LG



How it works...

Example: j(sz +3x+7)dx =7



How it works...

Example: f(sz +3x+7)dx =7

(5x?+3x+7)dx = | (Gx*)dx+ | (Bx)dx+ | 7dx
J Jears fanace |



How it works...

Example: f(sz +3x+7)dx =7

(5x?+3x+7)dx = | (Gx*)dx+ | (Bx)dx+ | 7dx
J Jears fanace |

=5fx2dx+3fxdx+7f1dx



How it works...

Example: f(sz +3x+7)dx =7

(5x?+3x+7)dx = | (Gx*)dx+ | (Bx)dx+ | 7dx
J Jears fanace |

=5fx2dx+3fxdx+7f1dx

TABLE:

jx"dxz

n+1

n+1

+ C




TABLE:

+ C

How it works... xt1
fx" dx =
n+1

Example: f(sz +3x+7)dx =7

(5x?+3x+7)dx = | (Gx*)dx+ | (Bx)dx+ | 7dx
J Jears fanace |

=5fx2dx+3fxdx+7f1dx 1= x°

)




TABLE:

+ C

How it works... xn+1
fx" dx =
n+1

Example: f(sz +3x+7)dx =7

(5x?+3x+7)dx = | (Gx*)dx+ | (Bx)dx+ | 7dx
J Jears fanace |

=5fx2dx+3fxdx+7f1dx 1= x°

)

5x3  3x2
— 3 —+ > +7X+C answer




Integration by substitution

2
Example: jxex dx =?



Integration by substitution

Example:

J

Let

u=2x

[

2
xe* dx =?

du_

— =2
dx X

du = 2xdx

—du = xdx



Integration by substitution

Example: JF x e* dx =?
du
Llet u = x2 Ix = 2Xx du = 2xdx Edu = xdx
Jxexzdx = rle“ du = 1fe”du
J 2 2
1 1

=-e'=ze* +c
2 2



Integration by substitution

2
Example: jxex dx =?

du
Llet u = x2 E—Zx du = 2xdx Edu—xdx
Jxexzdx= rle“ du = 1fe”du
J 2 2
1 1

=-e'=ze* +c
2 2

2 2
Therefore, fx e dx = Eex +c answer



Integration by substitution

X
: dx =7
Example: fxz 1 X

du 1
let u= x2+1 — = 2x du = 2xdx —du = xdx
dx 2




Integration by substitution

X
: dx =7
Example: fxz 1 X

du 1
let u= x2+1 — = 2x du = 2xdx —du = xdx
dx 2

jx d_j 1 d_j‘l 1d
x%2+1 X = x2+1xx_ u Zu




Integration by substitution

X
: dx =7
Example: fxz 1 X

du 1
let u= x2+1 — = 2x du = 2xdx —du = xdx
dx 2
j X ] _j 1 p _J‘l 1d
x2 +1 X = x2+1xx_ u \2 u
1 rfdu 1

> | =Elnu+c



Integration by substitution

X
: dx =7
Example: fxz 1 X

du 1
let u= x2+1 — = 2x du = 2xdx —du = xdx
dx 2
j X ] _j 1 p _J‘l 1d
x2 +1 X = x2+1xx_ u \2 u
1 du_l

1
_ = _ = — T ln(r2
=7 2lnu+c 2ln(x +1)+c



Integration by substitution

X
: dx =7
Example: fxz 1 X

du 1
let u= x%2+1 — = 2x du = 2xdx s du = xdx
dx 2
j X P _j 1 g _fl 1d
2+1 7T ) ey T ) w2
_1 du—ll + —11(2+1)+
=5 | 7 =3mhutc=snlx C
j X dx = —In(? + 1) +
Therefore, 2+ 1 X—an C answer



Integration by substitution

Example: f e*V1 + eX dx =?



Integration by substitution

Example: f e*V1 + eX dx =?

du_

let u=e*+1 a—ex du = e*dx




Integration by substitution

Example: f e*V1 + e* dx =?

du_

let u=e*+1 @—ex du = e*dx

fexmdx=f\/1+ex (exdx)=f\/ﬂ du



TABLE:

+C
n+1

Integration by substitution j . xnH1
X X =

Example: f e*V1 + e* dx =?

du_

let u=e*+1 @—ex du = e*dx

fexmdx=f\/1+ex (exdx)=f\/ﬂ du

=fu1/2du= §u3/2+c



TABLE:

= +C
n+1

Integration by substitution j . xnH1
X X

Example: f e*V1 + e* dx =?

du_

let u=e*+1 @—ex du = e*dx

fexmdx=f\/1+ex (exdx)=f\/ﬂ du

2 2
— y3/2 +c=§(1+e’c)3/2 +c

— 1/2d=
f” T3

2
Therefore, j e*Vi+eX dx ==(1+¢e¥)3?2 4+ ¢ answer
’ 000
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