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OUTLINE

❖Determinants

❖The inverse of a (square) matrix



ቐ

𝑥 − 2𝑦 + 3𝑧 = 9
−𝑥 + 3𝑦 = −4

2𝑥 − 5𝑦 + 5𝑧 = 17

𝐴𝑋 = 𝑏 𝑋 = 𝐴−1𝑏
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5𝑥 = 2 ⟹ 𝑥 =
2

5
=

1

5
× 2 =  5−1 × 2 =  (5−1)(2)

ASIDE:



THE IDENTITY MATRIX:

2−1 ∙ 2 = 1 23−1 ∙ 23 = 1

For numbers:



THE IDENTITY MATRIX:

2−1 ∙ 2 = 1 23−1 ∙ 23 = 1

The inverse of a (square) matrix 𝐴  is denoted by 𝐴−1 and has the property that 

𝐴𝐴−1 = 𝐴−1𝐴 = 𝐼

For numbers:



THE IDENTITY MATRIX:

2−1 ∙ 2 = 1 23−1 ∙ 23 = 1

The inverse of a (square) matrix 𝐴  is denoted by 𝐴−1 and has the property that 

𝐴𝐴−1 = 𝐴−1𝐴 = 𝐼

𝐼 =
1 0
0 1

𝐼 =
1 0 0
0 1 0
0 0 1

2 × 2
3 × 3

identity matrix

ETC.

For numbers:



THE IDENTITY MATRIX:
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ቐ

𝑥 − 2𝑦 + 3𝑧 = 9
−𝑥 + 3𝑦 = −4

2𝑥 − 5𝑦 + 5𝑧 = 17

𝐴𝑋 = 𝑏

Back to the start…
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 1𝑥 − 2𝑦 + 3𝑧 =  9
−1𝑥 + 3𝑦 + 0𝑧 = −4
 2𝑥 − 5𝑦 + 5𝑧 = 17

𝐴𝑋 = 𝑏

Back to the start…
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𝐴𝑋 = 𝑏
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ቐ

 1𝑥 − 2𝑦 + 3𝑧 =  9
−1𝑥 + 3𝑦 + 0𝑧 = −4
 2𝑥 − 5𝑦 + 5𝑧 = 17

𝐴𝑋 = 𝑏 𝑋 = 𝐴−1𝑏

Back to the start…

 1 −2  3
−1  3  0
 2 −5  5

𝑥
𝑦
𝑧

 9
−4
 17

=

𝐴 𝑋 𝑏

3 × 3 3 × 1 3 × 1

Under what conditions 
can we find 𝐴−1 ?  

Short answer: det(𝐴) ≠ 0



DETERMINANTS



Each square matrix A has a determinant, a real number denoted 
either by det(A) or 𝐴



2 x 2 matrices:

Each square matrix A has a determinant, a real number denoted 
either by det(A) or 𝐴



2 x 2 matrices:

An easy way for 
remembering:

Each square matrix A has a determinant, a real number denoted 
either by det(A) or 𝐴



Examples: Find the determinant of each matrix:



Examples: Find the determinant of each matrix:
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2 3 1
4 1 0
2 5 6

pick this element
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2 3 1
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2 3 1
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pick this element
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row & column 



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 1
4 0

2 × 2
sub-matrix

pick this element
remove highlighted

row & column 



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 1
4 0

2 × 2
sub-matrix

the determinant of this is 
the MINOR of the highlighted element (5)

in the original matrix:

2 1
4 0

= (2)(0) – (4)(1) = 0-4 = -4



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 3
2 5

2 × 2 sub-matrix

pick this element
remove highlighted

row & column 



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 3
2 5

2 × 2 sub-matrix

2 3
2 5

= (2)(5) – (2)(3) = 10-6 = 4

pick this element
remove highlighted

row & column 



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 3
2 5

2 × 2
sub-matrix

2 3
2 5

= (2)(5) – (2)(3) = 10-6 = 4

Observation:
We can repeat this process for each element of the original matrix
(9 minors in total)
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COFACTOR MINOR±

𝐶 =  (−1)𝑅𝑂𝑊 # +𝐶𝑂𝐿 # 𝑀



COFACTOR MINOR±

𝐶 =  (−1)𝑅𝑂𝑊 # +𝐶𝑂𝐿 # 𝑀

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

𝐶32 = (−1)3+2𝑀32 = −𝑀32 = − −4 = 4

𝐶23 = (−1)2+3𝑀23 = −𝑀23 = − 4 = −4



DETERMINANTS OF 𝟑 × 𝟑 MATRICES:

A = 

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



DETERMINANTS OF 𝟑 × 𝟑 MATRICES:

A = 

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

+
𝑎22 𝑎23

𝑎32 𝑎33
−

𝑎21 𝑎23

𝑎31 𝑎33
+

𝑎21 𝑎22

𝑎31 𝑎32

𝐶11 𝐶12 𝐶13



Example: det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



Example: 

0  2  1
3 −1  2
4  0  1

𝑀11 =
−1 2
0 1

= −1 𝐶11 = 𝑀11 = −1

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



Example: 

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

𝑀11 =
−1 2
0 1

= −1

𝑀12 =
3 2
4 1

= −5

𝐶11 = 𝑀11 = −1

𝐶12 = −𝑀12= 5

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



Example: 

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

𝑀11 =
−1 2
0 1

= −1

𝑀12 =
3 2
4 1

= −5

𝑀13 =
3 −1
4 0

= 4

𝐶11 = 𝑀11 = −1

𝐶12 = −𝑀12= 5

𝐶13 = 𝑀13 = 4

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



Example: 

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

𝑀11 =
−1 2
0 1

= −1

𝑀12 =
3 2
4 1

= −5

𝑀13 =
3 −1
4 0

= 4

𝐶11 = 𝑀11 = −1

𝐶12 = −𝑀12= 5

𝐶13 = 𝑀13 = 4

= 0 −1 + 2 5 + 1 4 = 14

or   𝐝𝐞𝐭 𝑨 = 𝟏𝟒 

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



YOUR TURN!

(10 minutes)

REMINDER: det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

The determinant of the above matrix is:

a). 0                  b). -6                   c). 6                       d). 12





Solution: 

1  2  3
4  5  6
7  8  9

𝑀11 =
5 6
8 9

= −3

𝑀12 =
4 6
7 9

= −6

𝑀13 =
4 5
7 8

= −3

𝐶11 = 𝑀11 = −3

𝐶12 = −𝑀12= 6

𝐶13 = 𝑀13 = −3

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

1  2  3
4  5  6
7  8  9

1  2  3
4  5  6
7  8  9



Solution:

1  2  3
4  5  6
7  8  9

𝑀11 =
5 6
8 9

= −3

𝑀12 =
4 6
7 9

= −6

𝑀13 =
4 5
7 8

= −3

𝐶11 = 𝑀11 = −3

𝐶12 = −𝑀12= 6

𝐶13 = 𝑀13 = −3

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

1  2  3
4  5  6
7  8  9

1  2  3
4  5  6
7  8  9

= 1 −3 + 2 6 + 3 −3 = 0

or   𝐝𝐞𝐭 𝑨 = 𝟎 
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