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THE IDENTITY MATRIX:

For numbers:

271.2=1 2371.23=1

The inverse of a (square) matrix A is denoted by A~ and has the property that

AA™ = A71A =1
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=1y 4 —[010]
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3 % 3 ETC.
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Back to the start...

([ 1x —2y+3z= 9

) Ax+3y+0z=-4 L > AX=b [ > X=A1p
. 2x—5y+5z =17 g g
1 =2 3][¥ 9
-1 3 0]yl =1-4
2 —5 511z 17. .
Under what conditions
A X b can we find A=+ ?
3 1 3x1

Short answer: det(4) # 0
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Each square matrix A has a determinant, a real number denoted
either by det(A) or |A|

The determinant of the matrix

A = [all alz}
2 X 2 matrices: dyy Ay
1S given by

det(A) = |A| = ayay, — ayay,

_____________

An easy way for

. : R4 12 +
remembering: S 7

— d1Uyy = Uy Uy
21 2 A

Al =
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MINORS & COFACTORS

2 3 1 5 3 1 -
4 1 0| —> |4 1 o [40
2. 6 2 5 6.
2 X2
sub-matrix

I

the determinant of this is
the MINOR of the highlighted element (5)
in the original matrix:

2 1] - A
‘4 o= (2)(0)—(4)(1) =0-4=-4
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MINORS & COFACTORS

2 3 1 2 3 1 >3
4 1 O0"V—m> |4 1 ol —> 5 &
2 5 6 27 5 6

2 X 2 sub-matrix
remove highlighted

pick this element
row & column

2 3| 3 C1ae
5 c=@6)-@6)=106-4



MINORS & COFACTORS

2 3 1 2 3 1 > 3
410—)41o—>[25
2 5 6 27 5 6
2 X2
sub-matrix
2 3

, ¢|=(2)5)-(2)3)=10-6=4

Observation:
We can repeat this process for each element of the original matrix
(9 minors in total)
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DETERMINANTS OF 3 X 3 MATRICES:

A11
A=1021
|A31

5V
az2
3o

aq13”
a3

A33.

det(4) = a11Ci1 + a12C12 + a43C53




DETERMINANTS OF 3 X 3 MATRICES:

ad11 dq2 QA3
A=1021 Az a3 det(A) = a11Ci1 + a12C15 + a13C3
|d3q1 A3z dA33]

C11 C12 Ci3
[ G2 8137 fa11 @12 G13] W S VA
1 Ay dA23 A1 Uy A23 dz1 QA (d>3
|31 A3 d33] 31 A3 A33] azq d3zp (A33]

_I_‘azz a23‘ B ‘a21 a23‘ +‘a21 azz‘

a3 dA33 S d3z1 dA3z2
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Example: A= 13 —1 2 det(A) — a11C11 + a12C12 + a13C13
4 0 1
2 1

0
-1 2
i —1 2 —> M11:|0 1|:_1 —> =My =-1




0 2 [ ]
Example: A= 13 —1 2 det(A) = a11C11 + a12C12 + a13C13
4 0 I
0 2 1
-1 2
3 _1 2 % M11:|0 1|=—1 % C11:M11:—1
4 0 1
0 2 1
3 -1 2 =2 %= Cio = =Myp= 5
—> M12—‘4 1‘——5% 12 = —M2=
4 0 1




0 2 | ]
Example: A= 13 —1 2 det(A) = a11Cy1 +a1,C5 + a4305

4 0 1)

0 2 1

3 -1 21 —> M11:_01 i|:_1 —> (=M =-1

4 0 1

0 2 1

3 =1 21 —> M= i i‘z—S% (12 = =M1z=5

4 0 1

0 2 1

301 2l = M= f|=4—> Ca=Mu=t



0 2 ] ]
Example: A= 13 —1 2 det(4) = a11Cy; +a1,C15 + a43C;3
4 0 1] =0)(D+@)G)+(MH@) =14
0 7 1 or det(4) = 14
-1 2
3 _1 2 % M11 = O 1| = —1 % Cll = 1\411 = —1
4 0 1
0 2 1
3 -1 2 —> My = i i‘ =—5 —> (3 =—M;p=5
4 0 1
0 2 1

3 —1 2[ —> Mlsz‘zg} _()1‘:4% (i3 =Mz =4



YOUR TURN! - -

(10 minutes) A— |4

(G ¢
oo

The determinant of the above matrix is:

a).0 b). -6 c). 6 d). 12

det(4) = a11Ci1 + a12C15 + ai30:3

—F 62 U1ra11u12a13
l‘121 5y, 023‘ | | ﬁ |
Lo | |

Az1 a:zz‘ 5






B 2 3]
SOIUtiOn: A— |4 5 6 det(A) = a11C11 + a12C12 + a13C13

_7 8 9_

1 2 3

4 5 6 —> Mn:\g =-3 —> ci=my=-3

7 8 9

1 2 3 46

4 5 6] > M12=‘7 9|=—6% L1z = —M,=6

7 8 9

1 2 3

45 6l —> M=t 2l=-3—> Cu=Myz=-3

7 8 9 78




1 2 3]
Solution: A= |4 5 6 det(4A) = a,1Cy1 + ay5C1o + ay5C45
7 3 9] = (1D(-3)+ (2)(6) + 3)(—3) =0
1 2 3 or det(4) =0
i 6 —> My = {53 8|=—3 —> (,, =M{;=-3
7 8 9
1 2 3 p
4 5 6 —> M12 — 7 9| =—6 —> C12 = —M;,= 6
7 3 9
1 2 3
45 6l = Mu=|} 2l=-3—> Cu=My=-3
7 8 9 78
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