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Outline

2 21 February 2019

• Functions of two or more variables

• Partial derivatives

• Stationary points for functions of two variables 

(minima, maxima, saddle points)

TODAY (22.02.2019):

(Some of the examples on these slides will be discussed in the examples class at 16:00 today)
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ASIDE (derivative for functions of one variable)

SLOPE:

DIFFERENCE 

QUOTIENT

TANGENT

SECANT
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Graph of a function 𝒛 = 𝒇(𝒙, 𝒚)
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Graph of a function 𝒛 = 𝒇(𝒙, 𝒚)
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𝑓 𝑥, 𝑦 =
1

12
𝑦3 − 𝑦 −

1

4
𝑥2 +

7

2

𝑓: 𝑹2 → 𝑹
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𝒇 𝒙, 𝒚 = 𝟑𝟐 − 𝒙𝟐 − 𝒚𝟐
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𝑧 = 𝑓(𝑥, 𝑦)

−10 ≤ 𝑥 ≤ 10

−10 ≤ 𝑦 ≤ 10

paraboloid
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ASIDE (vertical planes)

7 21 February 2019
𝑦 = 5

𝑦 = 3

𝑦 = 1

𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 = 𝐷

𝐴 = 𝐶 = 0

𝑦 = 𝑐𝑜𝑛𝑠𝑡.

(plane perpendicular

to the y-axis)
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ASIDE (vertical planes)

8 21 February 2019 𝑥 = 5

𝑥 = 3

𝑥 = 1

𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 = 𝐷

𝐵 = 𝐶 = 0

𝑥 = 𝑐𝑜𝑛𝑠𝑡.

(plane perpendicular

to the x-axis)
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Motivation
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Tangent to

the intersection 

curve?
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Motivation

10 21 February 2019

Tangent to

the intersection 

curve?
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Partial differentiation: definitions

11 21 February 2019

Let’s look at the function 𝑧 = 𝑓 𝑥, 𝑦 , which is a function of two variables 𝑥 and 𝑦

𝜕𝑓

𝜕𝑥
= partial derivative of 𝑓

with respect to 𝑥 To calculate this we keep all 

other variables fixed and only 

differentiate w.r.t. 𝑥

partial derivative of 𝑓
with respect to 𝑦

𝜕𝑓

𝜕𝑦
=

To calculate this we keep all 

other variables fixed and only 

differentiate w.r.t. 𝑦

𝑓𝑥

𝑓𝑦
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Partial differentiation: remarks

12 21 February 2019

It is important to note that when we have a partial derivative (i.e., more than 

one independent variable) we use  

𝜕
𝜕𝑓

𝜕𝑥
i.e.

When we have an ordinary derivative (i.e., only one independent variable, 

such as 𝑓(𝑥)), we use 

𝑑 i.e. 𝑑𝑓

𝑑𝑥

If we remember to keep all of the other variables fixed, the partial derivative

follows the same differentiation laws as in the case of single-variable functions.
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Formal definitions

13 21 February 2019

The first partial derivative of the function 𝑓 𝑥, 𝑦 with respect to the variables 𝑥
and 𝑦 are defined by 

𝜕𝑓

𝜕𝑥
𝑥, 𝑦 = lim

ℎ→0

𝑓 𝑥 + ℎ, 𝑦 − 𝑓(𝑥, 𝑦)

ℎ

𝜕𝑓

𝜕𝑦
𝑥, 𝑦 = lim

𝑘→0

𝑓 𝑥, 𝑦 + 𝑘 − 𝑓(𝑥, 𝑦)

𝑘

provided that these limits exist.

and

Each of the two partial derivatives is the limit of a difference quotient in one 

of the variables.
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Interpretation 

14 21 February 2019

represents the slope 

at the point (𝑎, 𝑏, 𝑓 𝑎, 𝑏 )
of the curve obtained by 

intersecting the surface 𝑧 = 𝑓 𝑥, 𝑦
with the plane 𝑦 = 𝑏

𝜕𝑓

𝜕𝑥
(𝑎, 𝑏)
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Interpretation

15 21 February 2019

𝜕𝑓

𝜕𝑦
(𝑎, 𝑏)

represents the slope 

at the point (𝑎, 𝑏, 𝑓 𝑎, 𝑏 )

of the curve obtained by 

intersecting the surface 𝑧 = 𝑓 𝑥, 𝑦
with the plane 𝑥 = 𝑎
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Interpretation

16 21 February 2019

Tangent plane to the surface 𝑧 = 𝑓 𝑥, 𝑦
at the point (𝑥0 , 𝑦0 , 𝑧0):
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Practical Rules

17 21 February 2019

Most of the previous rules for standard derivatives apply for partial differentiation as well

(the Chain Rule is more complicated for functions of two variables!)

𝜕

𝜕𝑥
𝑓 ∙ 𝑔 =

𝜕𝑓

𝜕𝑥
∙ 𝑔 + 𝑓 ∙

𝜕𝑔

𝜕𝑥
𝑓 = 𝑓(𝑥, 𝑦)

𝑔 = 𝑔(𝑥, 𝑦)
𝜕

𝜕𝑦
𝑓 ∙ 𝑔 =

𝜕𝑓

𝜕𝑦
∙ 𝑔 + 𝑓 ∙

𝜕𝑔

𝜕𝑦

𝜕

𝜕𝑥

𝑓

𝑔
=

1

𝑔2
𝜕𝑓

𝜕𝑥
∙ 𝑔 − 𝑓 ∙

𝜕𝑔

𝜕𝑥
etc

Product 

Rule

Quotient 

Rule
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General points

18 21 February 2019
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Example
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Let 𝑓 𝑥, 𝑦 = 𝑥2 + 𝑥3𝑦4 + sin 𝑦 . Find  𝜕𝑓 𝜕𝑥  𝜕𝑓 𝜕𝑦and
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Chain Rule in 2D (simplest case)

20 21 February 2019

This is related to situation in which we have composite functions

𝑓(𝑢) 𝑢 = 𝑔(𝑥, 𝑦)

function of one 

variable 𝑢 ∈ ℝ
function of two 

variables 𝑥, 𝑦

𝑓(𝑔 𝑥, 𝑦 )

𝜕

𝜕𝑥
𝑓 𝑔 𝑥, 𝑦 = 𝑓′(𝑔 𝑥, 𝑦 )

𝜕𝑔

𝜕𝑥
(𝑥, 𝑦)

𝜕

𝜕𝑦
𝑓 𝑔 𝑥, 𝑦 = 𝑓′(𝑔 𝑥, 𝑦 )

𝜕𝑔

𝜕𝑦
(𝑥, 𝑦)
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Chain Rule in 2D (v. simple examples)

21 21 February 2019

𝑓 𝑥, 𝑦 = ln(𝑥2 + 𝑦2)Find 𝑓𝑥 and 𝑓𝑦 for the function

Find 𝑓𝑥 and 𝑓𝑦 for the function  𝑓 𝑥, 𝑦 = 𝑒−𝑥/𝑦
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Chain Rule in 2D (difficult example)

22 21 February 2019

𝑓 𝑥, 𝑡 = 𝑡−1/2𝑒−𝑥
2/4𝑡Find 𝑓𝑥 and 𝑓𝑡 for the function
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Further examples

23 21 February 2019

Example A: 

Example B: Find the first-order partial derivatives of the function

ℎ 𝑥, 𝑦 = tan−1
𝑦

𝑥

If the function 𝑓 is differentiable show that 𝑧 = 𝑓(  𝑥 𝑦) satisfies

𝑥
𝜕𝑧

𝜕𝑥
+ 𝑦

𝜕𝑧

𝜕𝑦
= 0

Example C: Find the first-order partial derivatives of the function

ℎ 𝑥, 𝑦 = sinh 𝑥2 + 𝑦2
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Higher-order derivatives
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𝜕2𝑓

𝜕𝑥2
=

𝜕

𝜕𝑥

𝜕𝑓

𝜕𝑥

𝜕2𝑓

𝜕𝑦2
=

𝜕

𝜕𝑦

𝜕𝑓

𝜕𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦
=

𝜕

𝜕𝑥

𝜕𝑓

𝜕𝑦
=

𝜕

𝜕𝑦

𝜕𝑓

𝜕𝑥
=

𝜕2𝑓

𝜕𝑦𝜕𝑥

𝑓 𝑥, 𝑦 = 𝑥2 + 𝑥3𝑦4 + sin 𝑦 ,
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Mixed partial derivatives
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Class test type example:
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Further examples (higher-order derivatives)
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Example: (I) Verify that

𝜕2𝑓

𝜕𝑦𝜕𝑥

𝜕2𝑓

𝜕𝑥𝜕𝑦
=

for the following functions:

(II) Verify that for any real number 𝑘 the functions 
𝑧 = 𝑒𝑘𝑥 cos(𝑘𝑦)

𝑧 = 𝑒𝑘𝑥 sin(𝑘𝑦)
satisfy

𝜕2𝑧

𝜕𝑥2
+
𝜕2𝑧

𝜕𝑦2
= 0 (Laplace’s equation)

𝑎 𝑓 𝑥, 𝑦 = 𝑥2 − 𝑥𝑦 + 𝑦2; 𝑏 𝑓 𝑥, 𝑦 =
𝑥𝑦

𝑥 + 𝑦

𝑐 𝑓 𝑥, 𝑦 = 𝑥 sin(𝑥 − 𝑦)
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Partial derivatives for functions of three variables
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