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Outline

TODAY (22.02.2019):

* Functions of two or more variables
 Partial derivatives
o Stationary points for functions of two variables

(minima, maxima, saddle points)

(Some of the examples on these slides will be discussed in the examples class at 16:00 today)

School of Mathematical Sciences Ciprian D. Coman
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fla+h) @ A
fla) @—
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O a a -+ h X
SLOPE:
-
f(a+h) — f(a) | DIFFERENCE
A QUOTIENT

TANGENT

>

X

f'(a) = lim

fla+h) —f(a)
h
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Graph of a function z = f(x, y)
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A I
Generally, just as y = f(x) represents a 1-D curve, z = f(x. y)

School of Mathematical Sciences represents a 2-D surface.

4 21 February 2019
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Graph of a function z = f(x,y)

f:R2—>R 7

1 1 7

— 3 Ay N2 4

" R? (the xy-plane)

School of Mathematical Sciences Ciprian D. Coman
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f(x,y) =32 —x* —y*

Z

—10<x <10

paraboloid

—10<y <10

School of Mathematical Sciences Ciprian D. Coman
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Z

Ax+By+Cz=D

A=C=0
»fami/
NI
y = const.

(plane perpendicular
to the y-axis)
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ASIDE (vertical planes)

Y4

Ax+By+Cz=D
B=C=0

X = const.

(plane perpendicular
to the x-axis)

Ciprian D. Coman
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Tangent to
the intersection
curve?
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Partial differentiation: definitions

Let’s look at the function z = f (x, y), which is a function of two variables x and y

i _partial derivative of f

Ox  with respectfo x & To calculate this we keep all
v other variables fixed and only

differentiate w.r.t. x
fx

g __partial derivative of f
gy  withrespecttoy

= To calculate this we keep all
‘l' other variables fixed and only
fy differentiate w.r.t. y

School of Mathematical Sciences Ciprian D. Coman

1 21 February 2019
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Partial differentiation: remarks

It is important to note that when we have a partial derivative (i.e., more than
one independent variable) we use

d .e. g
0x

When we have an ordinary derivative (i.e., only one independent variable,
such as f(x)), we use

d .. ﬂ
dx

If we remember to keep all of the other variables fixed, the partial derivative
follows the same differentiation laws as in the case of single-variable functions.

School of Mathematical Sciences Ciprian D. Coman
12 21 February 2019
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Formal definitions

The first partial derivative of the function f (x, y) with respect to the variables x
and y are defined by

O ()= i [E ) =)
0x V) = h—0 h

and
LU (C AR By (%)
dy SE = k

provided that these limits exist.

Each of the two partial derivatives is the limit of a difference quotient in one
of the variables.
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Interpretation

of
~(a,b)

represents the slope

at the point (a, b, f (a, b))

of the curve obtained by

intersecting the surface z = f(x, y)
with the plane y = b

Ciprian D. Coman

School of Mathematical Sciences
14 21 February 2019
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Interpretation

of
3y (a,b)

represents the slope
at the point (a, b, f (a, b))

of the curve obtained by
intersecting the surface z = f(x, y)

\ with the plane x = a

School of Mathematical Sciences Ciprian D. Coman
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Tangent plane to the surface z = f(x, y) A i
at the point (xy,vo ,20):

2 — 20 = folxg, Yo) (x — xg)
+ fi(x0, Yo) (y — Yo)

School of Mathematical Sciences Ciprian D. Coman
16 21 February 2019
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Practical Rules

Most of the previous rules for standard derivatives apply for partial differentiation as well
(the Chain Rule is more complicated for functions of two variables!)

Product af ag _
R[ﬁeuc (f g) = P g+ f- E f=rxy)
] g=9xy)
or 99
(f g)— 3y g+ f 3y
o (f\ 1/(of dg
a(g) 72 (ax g1 6x> etc
Quotient
Rule

School of Mathematical Sciences Ciprian D. Coman
17 21 February 2019
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General points

f(x.,y) has two first-order partial derivatives,

ﬂ and ﬂ
OX 3%
Also, > ”
C C X
g(xy) ~ 9 05/ -~ o0
and

School of Mathematical Sciences Ciprian D. Coman
18 21 February 2019
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Let f(x,y) = x?> + x3y* +siny. Finddf/dox and of/dy

of
Ox

of

School of Mathematical Sciences
19 21 February 2019

a(x )+5(X y )+a(5'nY)

2X + 3X2y4 + 0

0 o,
(x*) + ay(X?'yél) T E)y(sm Y)

,
dy

0+ 4y3><3 + cosy

Ciprian D. Coman
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Chain Rule in 2D (simplest case) Nottingham
This is related to situation in which we have composite functions
f(u) u=g(xy) flg(x,y))
function of one function of two
variableu € R variables x, y

G _ 09
7 (9t ) = f'(9(ey)) 5~ (%, 7)

0 . 2
5y [(9Gey) =gy 50 ()

School of Mathematical Sciences Ciprian D. Coman
20 21 February 2019
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Nottlngham
Find £, and £, for the function f(x,¥) = In(x? + %)
(x,) F( (x,ﬂ) where F(u)__ |hu g*(x,@; N yz
P (u)= Iy = L X 9y = 23
' f
b= T (%(@9* T X +jl (QOZ*X% 3L
‘(3 F' (9 649) Iy = @D >(1+ -
Find £, and f,, for the functlon fle,y) = e*/7
£ (0g) = F(a69). W"ﬂe{ )= - 995
et Sy BT R
_ - . le™ Y
fo= (303 = [e =1 Y
| ~ XN\ [ % _x
‘C_\j - F (‘_’3(%%@3 = (_e y)( L>—:. _E% e J
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Chain Rule in 2D (difficult example)

Find £, and f; for the function )f(x, t) = t‘l/ze‘xz/‘”&

Yz XM Y2 IR the Choi Ku,e
‘Fv(’ 2 ('t C >: ‘i : (f >/ USiD Ca|Cu/aJ(ne this

T OX DX
2 (- Xz/4+)“‘ — C-X/%) ) - 1 X e~ K fht
DX N 4t 2+ e
-'/7_ _ Xl/lrl' _X’_ —
Hence “F = ‘l? (—D—ﬁje )—‘- '2+3/2. C

Fﬁl ’.f,c We MU\5+ Use H\e /ﬂ}oJucT Yu’e-,
/2 — ’ t e *
) ()

——

)
rS (% ‘/2)__: _l Jc‘sé' (se the Chain Rule
Jt 2

School of Mathematical Sciences (/ Ciprian D. Coman

22 21 February 2019


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian





Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian


Ciprian



L]
|
A~~~
The University of

Nottingham

Further examples

Example A:  If the function f is differentiable show that z = f (x/y) satisfies

0z 0z

_ — =0
x6x+y6y

Example B:  Find the first-order partial derivatives of the function

h(x,y) = tan‘1%

Example C: Find the first-order partial derivatives of the function

h(x,y) = sinh+/x2 + y?2

School of Mathematical Sciences Ciprian D. Coman
23 21 February 2019
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Higher-order derivatives

We can take higher partial derivatives in the same way, and also mixed
derivatives, so with f(x,y) = x* + x3y* + siny,

School of Mathematical Sciences
24 21 February 2019

: i.-2 © P
02 9 (of 2T Lo+ eyt
— L Ox? Ox Ox
0x2 ~ 9x \ox |
| = 2+6)<y’:1
I
’f _ (af) ;
dy2  0y\o |
g e . O*f J . 53, 0
I Ty —(4y°x”) + =—(cos y)
| dy dy dy
azf_ d (of\ 0 (of _azf:
dxdy odx\dy) ody\ox] adydx | — 12y°x® —siny
I
|
I
I
|



L]
|
A~~~
The University of

Nottingham

Mixed partial derivatives

0°f o (Of 0 > 4
dydx Oy (i)x) E‘)y( X+3xY7)
0 0 o2 4
5, 20+ 5 (3
= 0+ 12x%y°
0% f o [ oOf 0
~ - — - ~ — B 4 333
Oxdy  Ox ((")y) E)X( y X"+ cosy)
= 12y3x% + 0

School of Mathematical Sciences Ciprian D. Coman

25 21 February 2019
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Class test type example:

f

If f(x.y) = yeX/V, th
(x,y) = ye ’tené)x@y

IS equal to

School of Mathematical Sciences Ciprian D. Coman
26 21 February 2019
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Further examples (higher-order derivatives)

Example: (1) Verify that

o°f  0°f
dydx  0xdy
for the following functions:
Xy
a X — xZ — Xy + 2; b = —
(a) f(x,y) y+y (b) f(x,y) Xty

(c) f(x,y) = xsin(x —y)

z = e** cos(ky)
(I) Verify that for any real number k the functions satisfy
z = e®* sin(ky)

0%z 0%z

+ —
School of Mathematical Sciences a X g a y 2

27 21 February 2019

0

, :
(Laplace’s equation) Ciprian D. Coman
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Partial derivatives for functions of three variables

Suppose we have a function depending on three variables, such as

f(x,y,2).

We can still calculate partial derivatives exactly as before, by treating
the other variables as constants when performing the differentiation.

Example: f(x,y.z) = xy?z°

of ? 253 23a 253
ox ax(xyz) Rz =yt

or _ 9 2,3 3.9 ( 2y _ 3
oy~ oy (xyz) XZ ay(y)_Z)(yzj
of 0

9,
o= (xy 23) — xy25(23) — 3xy°z°.
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Further examples

Find the first order partial derivatives of f(x.y, z) = (x + 2y — z)°.
,‘ﬁ 3(x42y-2) (1) = 3 (2y-2)"

%f _ 3 (-9 () - g&+2j'2)2-
33 2
b _ 3 (qdy2) (1) = =3 (4 2y-2)
>

Fmd the first order partial derivatives of f(x, y, z) = vze".

@bx(ﬁ 3} \/—_(’(j () jre

b%
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