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CURL of a vector field

Let F = F'(x.y,z) be a vector field:

F = Fii+ Foj + Fzk = (F1, I, I3)

The ‘curl’ of the above vector field is defined to be another vector field, denoted
by curlF' ,and defined as:
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CURL of a vector field Nottinghar
1 73 k
o o0 0
curlFF = VxF=|— — -
or Oy 0z
iy
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Worked example

Example 4.7:  If F = (2xy,xy%,Inz),find V X F.

L J
I = i(—xy? \6(& k(y?z — 2
X - ax ay aZ — l(_xy ) ] ) + (y Z— x)

2xy xy*z Inz

k
0

= —xy?i+ (y%z — 2x)k
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Physical interpretation of CURL

A twig in a pond where water moves with velocity given by a vector field V(x, y):

In this case the twig spins around

The twig does not rotate as it travels around the pond. Hence
asittravels,soVxV =20 VXV =0
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Vix,y) = i— 5 ) V(x,y) =yi—xj

x2+y? x4y
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4 - o | OUmmary: The curl has nothing to do with

bulk rotation. It measures the tendency of the

. vector field to swirl around (it measure local spin
"6 4 2 0 2 4 s atapoint).
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CURL and ROTATIONS Nottingham
" . Consider a solid rigid body 73 rotating about an axis L.
w
1 The rotational motion of the body is described by the
/ angular velocity vector w:

5 - lwl=w  and w = wk

(the length of this vector is taken to be the angular
speed of the body 7 '; that is, the speed of any point
of 2 divided by its distance from L.)

From A0QQ":  a=|r|sin6
lv| = wa = w|r|sind =\|w||r| sinej
Y

|W X rl Ciprian D. Coman
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CURL and ROTATIONS Nottingham
N | Since v and w X r have the same magnitude and
w the same direction, they must be equal to each other,
N
| V=WwWXT
L r=(xy,z) and w=(00,w)
0 AN J
[ Y Y
vV = —wyl + wxj
l
1 j k
V X 0 0 9 2wk = 2
Vv = = = 4ZW
ax oy oz ““
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CURL and ROTATIONS

Z
A

L In conclusion, we have showed that

- [va=2w]

For the rotation of a rigid body the ‘curl’ of
the (linear) velocity field is a vector directed
along the axis o rotation, with magnitude twice

the angular speed.

Ciprian D. Coman
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Combinations of GRAD, DIV & CURL

Grad, div and curl can be combined together in several ways. Suppose

¢ is a scalar field, then
N | 0% 9% 9%0
(i) div(grad¢) =V - (Vo) = ax2 T 5y + 53
To show this, let A = Vo then

A= (A, A A3) = (

— V2o

6 O 9
ox oy 0z
and

N 0AT 0Ay  0Ag
Vi(Vo)=V-A = The kT

_ 0 (00, D (06N D (90
 ox \ox oy \ oy 0z \ 0z

02 ¢ N 0% ¢ N 0% ¢
oxe  oy2  0ze

V24 is called the Laplacian of ¢, and sometimes written as A.
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Combinations of GRAD, DIV & CURL

(i) curl(grad¢) =V x (Vo) =0

dsS

ik
9 9 0

VxVo=|dx oy 0z
o 0¢p  0¢

ox dJy 0z

_ (90 _ P\ _ (9P 9%
B dyoz  0z0 I\ oxoz ~ ozo

Po 0P
i k I
oxdy — Ayox

= 0

(|||) le(CurlA) — V . (v X A) — 0 Ciprian D. Coman
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Rules for V

f, g = scalar fields A, B = vector fields

» V-FA =W )-A+f(V-A)
» VXA =Uf)xA+f(VxA)

% V-(AxB)=(WxA)-B—(VxB)-A

» Vx(fVg) = (Vf)x (Vg)
&% VX(AxB)=AWV-B)—-B(V-A)+ (B-V)A—(A-V)B

» V(V-A)-Vx(VxA) =V24

Ciprian D. Coman
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Irrotational vector fields

We have seenthatifA = Vg, thenV X A =0

If A is any vector field such that V X A = 0, then it is called irrotational.

Clearly, the gradient of a scalar field is always an irrotational vector field.
The converse is also true, i.e. if the vector field A is irrotational, then it can
be expressed in terms of a scalar field ¢ (called a scalar potential function) by

A= Vo

This can be used to simplify the solution to a variety of engineering problems,
.e. to find a scalar field ¢ rather than three components of the vector field A.
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...for finding the scalar potential function.

A= Al(x' Y Z)l + AZ(x'y' Z)] + AS(x'yJ Z)k < this Is given and

A=Vp = <

/

School of Mathematical Sciences
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satisfiesV XA =0

—=A,(x,y,2) Q integrate the first eqn.; the result
0x will involve an arbitrary function
dependingony & z
9 L Use this expression to integrate the
¢ .
— =4, (x y Z) second eqn.; the dependence on y
dy Y of the previous arbitrary function is

fixed; you are still left with an arbitrary
function of z
a_¢ = As(x,y,7) O This arbitrary function of z is found by
07 3\ Y, integrating the last equation
O The final result will always depend on
an arbitrary constant
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Worked examples (irrotational vector fields) Nottingham
Example 4.8:
Take A= (x,y, —2)
then
i j k
o o0 0
VX A= ox oy 0z =0
X y -z
| 06 _ 00 90
ForA_quweneeda_x: oy Y oz Z.
Let us integrate the derivative with respect to x, while keeping y and z
fixed as constants.
X2
O(XyZ) — ? + f1(y:Z).
School of Mathematical Sciences Ciprian D. Coman
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Worked examples (ctd.)

Now let’s look at the derivative with respect to y.

do . Ofy
— y 1€ o,

oy~ o

oy
Integrating this with respect to y, and keeping z as a fixed constant, we

get
2

(y.2) = % + (2).

Time to look at the derivative with respect to z.

o . df
=—z, je —=%

— = = —Z.
0z " dz

Integrating this gives

Z2
h(2)=-5+C. h(y.2) =" -

and
+ C Ciprian D. Coman



L]
|
A~~~
The University of

Nottingham

Worked examples (irrotational vector fields)

Example 4.9:

A = (y2Zz3.2xyz3.3xy?z?)

i J k
s, 0 0
y2z® 2xyz® 3xy°z?
N v 9 o3 IO 3 Yo 252
ForA_V@weneeda_yz: @_2)(}/2, E_3)(yz.

Again, let’s first consider the derivative with respect to x. Integrate this
with respect to x, and keep y and z as fixed constants.

o(x.y.2) = xy*2° + f(y. 2).

School of Mathematical Sciences Ciprian D. Coman
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Worked examples (ctd.)
Now consider the partial derivative with respect to y.
0o _ s Oh 3
Jy = 2XyZ° + oy = 2XyZz°.
which means ]
%—0 ie fi(y,z)=h(z)
()y — ’ 1 y — 12 3

and
d(x.y.2) = xy°z° + (2).

Finally, consider the derivative with respect to z.

SO

Ciprian D. Coman
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A= (ye*. e —zsiny,cosy)
Lo
VxA= x dy 57 — 0.
ye* e¥ —zsiny cosy
ForAVcbweneedgiyeX, S;)ex—zsiny, gzcosy.

As usual, integrate the derivative with respect to x first, keeping y and
Z fixed.

O(XJ/Z) :yeX+ f1(yZ)
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Worked examples (ctd.) Nottingham
Now consider the derivative with respect to y.
oo Ofh .
ay_e + dy =e' —zsiny,
SO _
Oh _ zsin
which we can integrate (keeping z fixed),
fi(y,z) = zcosy + (2), ie o(x,y,2) = ye* + zcosy + h(2).
Finally, we can consider the derivative with respect to z.
0¢ _ cCosy + dio _ cos
0z Y74z = 4
which means i
2 = 0 1e fQ(Z) — C Ciprian D. Coman
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Worked examples (ctd.) Nottingham
Thus the final result is

o(Xx,y,z) =ye* +zcosy + C.
School of Mathematical Sciences Ciprian D. Coman
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Incompressible/Solenoidal vector fields

If B is any vector field such that V - B = 0, then it is called incompressible
(or solenoidal).

We have seen before that the curl of a vector field is incompressible. The converse
statement is also true: if B is a vector field that satisfies

V-B =0,
then there exists a vector field A such that
B =V XA.
The vector field A is called the vector potential of B.

Finding a vector potential is much harder than finding a scalar potential, and is beyond
the scope of this module. Ciprian D. Coman



