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Vector fields (see Chapter 3)
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2D vector field

F(x,y) =yi+sin(1+xy)j

Ciprian D. Coman



L]
|
A~~~
The University of

Nottingham

Vector fields (see Chapter 3)

On the previous slide we have a typical representation of a 2D vector field,
in this case

F(x,y) =yi+sin(1+xy)j

The length of the arrows is scaled with the magnitude of this vector, |F(x, y)|:

long arrows correspond to a large magnitude, while short arrows are associated with
small magnitude (based on this, we can say that in some regions of the xy-plane the
vector field is strong or weak, depending on the size of the corresponding arrows).

The direction of the arrows is given by the slope of the vector field:

sin(1 + xy)
y

Slope at (x,y) =

School of Mathematical Sciences Ciprian D. Coman
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Vector fields Nottingham
/ /| /
— — I
— -,
/ / o — Afield line of a given vector field is defined as
—_— — a curve which, at every point through which it
/ passes, has the same direction as the vector

field.
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Vector fields

For a 2D vector field F(x,y) = (f1(x,¥), f2(x,y)) the field lines are defined
by the differential equation

dy _f2(x,y)
dx  f1(x,y)
dy
OBS. The solutions of the ODE v f(x,y)

are the field lines of the vector field F(x,y) = (1, f(x,y))
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Vector fields

We could define a field line for a 3D vector field as well, but in this module
we will not do that.

It is useful to think of these 2D vector fields as velocity fields for the steady flow
of some liquid in a 2D pipe (“steady” means that at each point inside the pipe the
velocity of the fluid passing through that point does not change with time).

In this context, a field line is the path followed by a small particle suspended in the fluid.

In fluid mechanics the field lines of the velocity vector for a steady flow are known
as streamlines or flow lines.

Velocity vector Flow line

E.G.: The velocity vector of a fluid
M is tangent to a field line passing
) through that point
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DIVERGENCE of a vector field
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Given a vector field A(x) = A(x, y, z) with components

A(x) = A (x)i + A,(x)j + As(X)k,

the divergence of A is a scalar field, defined as

a0 04 04;
VAT 9x T oy oz

This can be written in terms of the symbol 7,

d 0
Ox 0y 0z

divA4 = (

School of Mathematical Sciences
7 1 May 2018

0
) . (A1»A2»A3) =V-A
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Worked examples Nottingham
Example 4.5: If A= (2xy,xy°z.Inz), with z > 0, find V - A.
oA DAy 0As 1
x Y gy TR 5 T

’
= V-A:2y+2xyz+g

Example 4.6: If F = x“yi+ xzj + xyzk, thenfind V - F
\7-F=i(x2 )+i(xz)+i(x z) =2xy+0+xy = 3x
5 XY 3y 5 XY y y y
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Heuristics

The value of the divergence of a vector field at a particular point gives a measure
of the “net mass flow” or “flux density” of the vector field IN or OUT of that point.

Imagine that the vector field F represents velocity of a fluid.

If V - F is zero at a point, then the rate at which the fluid is flowing INTO that point is
equal to the rate at which the fluid is flowing OUT.

Positive divergence at a point signifies more fluid is flowing out
than in, while negative divergence signifies just the opposite.

School of Mathematical Sciences Ciprian D. Coman
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There is greater flow AWAY from each point
than into it; that is, Fis “diverging” at every point

F(x,y) =xi+yj
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bulk translation
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Physical interpretation (2D case)

In 2D the divergence of a velocity field measures local changes in area (while in
3D it describes local change of volumes). We are interested in the former.

We consider an imaginary small fluid parcel in the shape of a rectangle with sides Ax
and Ay, as indicated below:

(x,y +AY) o o (X TAx,y +Ay)

o o
(x,7) (x + Ax,y)

Note that different parts of this fluid parcel will move with different speeds because
the components of the velocity field depend on position (i.e., x and y).

School of Mathematical Sciences Ciprian D. Coman
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Physical interpretation (2D case)
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Let's consider steady 2D fluid flow, with a given velocity field

School of Mathematical Sciences
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v(x,y) = ulx,y)i+v(x,y)j

v(y + Ay)T

o(x +Ax,y + Ay)

u(x)
e u(x + Ax)

Ciprian D. Coman
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The particular case (ctd.) Nottingham
Fluid parcel area: A = AxAy
dA—d(AA)—A d(A)+A 4
dr ~ ar XAy =L x)\dt y} (y)\dt( x)j
Y Y
v(y +Ay) —v(y) ux + Ax) —u(x)
Divide this equation by the initial area:
1dA  v(y+Ay) —v(y) N u(x + Ax) — u(x)
Adt Ay Ax fractional
_____________ , — change
i1 o au in area

Take the limit as Ax, Ay —» 0:  ilim

School of Mathematical Sciences L Ciprian D. Coman

14 1 May 2018



NUMERICAL EXAMPLES:

The next few slides show the changes undergone by a small circular area of fluid under different
types of flows (everything is in 2D - think of the surface of a lake or a calm river).

For some of these flows the divergence is zero, in which case it turns out that the

deformed 2D fluid region preserves its area, although the shape might be drastically altered. It is also
possible that both the area and the shape of the initial 2D fluid region remain unchanged (e.g., in

the case of a bulk rotation type flow).

Other flows have a positive divergence, and thus the initial area keeps increasing.
In each set of plots there are 4 snapshots of the vector field and the changes undergone by the

small circular area of fluid: these are taken at 4 different instants of time (t=0.1 is the initial time,
the subsequent values of ‘t’ are in increasing order).

15 1 May 2018
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v(x,y) = xi ‘

V-v(x,y)=1>0
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v(x,y) = —yi+ xj

V-v(x,y) =0



T _ | .

-2

e s NN P etk

-\\\\\Q?fff//// \\\\u\\x&u..l..lf!;f,

\\.\\\\11?!/////2 PP e
\x\\\xtrf;;;/// Vs e Y
\a\\\x1rf;;f;ﬂﬂ -\xx\\xtrrf
hhhk\\ﬁ,,,,,ﬂﬂﬂ AV S
.hh._.ﬁ__u ...__H__.g_ ‘__l_k.__m..... N
A S R L ,.,“_ﬁu_ﬂ-_uz_-._khh_H Vo
r._,f,,fff: \\h___w._k__n r_._.k”_r,.. ¢

,.r_fffz/;ax\\\\n\ w,.f,.f.,,.; 4

/////ffﬁl\\\\\\-1_ fozz;axx\

%///K.;Jil.\\\\\\ NN Nw

//)/;/rjpfﬁ:irrlv&t\\\..\a\«\\q_,_ ”/////#;fflih-.\.\\

N S NN

® ~ = NS P ol ///fffiil%\\\\

. 7 P = N - = e 2
o i |
— -
S 2 o
IO S
mL — _ I

= —

<

\\\\\ﬁ1mﬂff////a T |
APV AT A N LY \\\\s\n\\xn\nl..l.f!;:fa/

\\\\k\tfff//f/vmz -\\\\\.&1?!;;;;/
-\x\\\xﬁrrfzf/// \\\x\xtfff//

k\\x\\1r,;;f;/ﬁ \ﬂ%x\xtf:f/

A AR NN A P EEERER
A R N O __.Emhx_‘\aJ,.,.,
TH.rHr,.. ..‘u__.u_ﬂ-ﬂr_-._hg.ﬁLh vov o
_.Tff,.f,./; oeor ! BT, o
rf,./,.z,.a,.x\x\xxlu F,,,,_,,,.,,;-\‘.H
///,r/f;;..\\\\\\_ w_ffzzz;amx\x
M.Jr//_.z#rffllv.l.lq\\\\\\\\\ /‘//)//;r..irrl.\\\._
/////pf;;prrlfnu\\\\\-n_,_ .////KJIJ#\\\
//%KKJIJIERN\\\ ////f!!lth\\\ o
o o™ = = 1;..1\..1.\1\“.\“_\\\3 //f/rfifff:rfrlrﬁiii\i\i\\\\

fi I | o o 0 —- - li\ﬂ.\i\\\\\\
f 0 w7

2
— .
- N o] =
< o g
I Il ) N -
< I )



