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Assume that 𝛻𝑓 𝒂 ≠ 𝟎.
Then 𝛻𝑓 𝒂 points in the direction along which 𝑓 increases the fastest.

Justification:

If 𝒗 is a unit vector, the rate of change of 𝑓 in direction 𝒗 is

𝐷𝒗𝑓 𝒂 = 𝛻𝑓 𝒂 ∙ 𝒗 = 𝛻𝑓 𝒂 𝒗 cos 𝜃

= 𝛻𝑓 𝒂 cos 𝜃

This expression is maximum when 𝜃 = 0; that is, when 𝒗 and 𝛻𝑓 𝒂 are parallel

(minimum when 𝜃 = 𝜋)

Maximum rate of change = |𝛻𝑓|
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In other words, if one wishes to move in 

a direction in which 𝑓 will increase most 

quickly, one should proceed in 

the direction 

𝛻𝑓(𝒂)

|𝛻𝑓(𝒂)|

In a similar way, if one wishes to move

in a direction in which 𝑓 decreases 

fastest, one should proceed in 

the direction

−
𝛻𝑓(𝒂)

|𝛻𝑓(𝒂)|
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𝛻𝑓(𝒂)

|𝛻𝑓(𝒂)|

(2D example)

𝒂 = (𝑎, 𝑏)𝑧 = 𝑓(𝑥, 𝑦)

𝛻𝑓(𝑎, 𝑏)

|𝛻𝑓(𝑎, 𝑏)|
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If 𝒙0 is a point in the level set 𝑓 𝒙 = 𝐶, 

then the vector 𝛻𝑓 𝒙0 is perpendicular to this level set.

The 2D case (i.e., 𝒙 = (𝑥, 𝑦))-- particular example: 𝑓 𝑥, 𝑦 = 𝑥4 − 3𝑥𝑦 + 2𝑦2
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Justification Case 1:   𝑓 = 𝑓(𝑥, 𝑦)

The level set 𝑓 𝑥, 𝑦 = 𝐶 represents a curve situated in the 𝑥𝑦-plane, so we can think

of this as  𝑥 𝑡 , 𝑦 𝑡 = 𝑥 𝑡 𝒊 + 𝑦 𝑡 𝒋, with 𝑡 ∈ ℝ.

Since 𝑓 𝑥 𝑡 , 𝑦 𝑡 = 𝐶 ⟹
𝑑

𝑑𝑡
𝑓 𝑥 𝑡 , 𝑦 𝑡 = 0

Using the rule for total derivatives:
𝜕𝑓

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑓

𝜕𝑦

𝑑𝑦

𝑑𝑡
= 0

⟹
𝜕𝑓

𝜕𝑥
,
𝜕𝑓

𝜕𝑦
∙
𝑑𝑥

𝑑𝑡
,
𝑑𝑦

𝑑𝑡
= 0

𝛻𝑓 “velocity” vector

⟹ 𝛻𝑓 ⊥ (“velocity” vector)

tangent to the curve

⟹

𝛻𝑓 is 

orthogonal

to the level

set
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Case 2:   𝑓 = 𝑓(𝑥, 𝑦, 𝑧)

This is slightly more complicated because the level sets 𝑓 𝑥, 𝑦, 𝑧 = 𝐶 are 3D surfaces.

In this case 𝛻𝑓 𝒙0 represents the normal at 𝒙0to those surfaces. 

Although we do not prove this, the idea is the following: if 𝒗 is any vector tangent to the level set at 𝑥0,
then 𝛻𝑓 𝒙0 is perpendicular to 𝒗, i.e. 𝛻𝑓 𝒙0 ∙ 𝒗 = 0.

By a tangent vector to the level set at 𝒙0, we mean that 𝒗
is the velocity vector of a curve that lies in

that level set and passes through 𝒙0. 

A generic example can be seen in the sketch

included on this slide.
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The unit normal vector to a plane curve defined by an equation of the form

𝑓 𝑥, 𝑦 = 𝐶 is calculated by the formula  𝒏 =
𝛻𝑓

|𝛻𝑓|

The unit normal vector to a 3D surface defined by an equation of the form

𝑓 𝑥, 𝑦, 𝑧 = 𝐶 is calculated by the formula  𝒏 =
𝛻𝑓

|𝛻𝑓|

OBS. in 2D:

𝛻𝑓 =
𝜕𝑓

𝜕𝑥
𝒊 +

𝜕𝑓

𝜕𝑦
𝒋 +

𝜕𝑓

𝜕𝑧
𝒌

in 3D:

𝛻𝑓 =
𝜕𝑓

𝜕𝑥
𝒊 +

𝜕𝑓

𝜕𝑦
𝒋
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Example 4.1: In what direction from 0,1 does the function 

𝑓 𝑥, 𝑦 = 𝑥2 − 𝑦2

increases the fastest?  

Solution:

𝛻𝑓 = 2𝑥𝒊 − 2𝑦𝒋 ⟹ 𝛻𝑓 0,1 = −2𝒋

Answer: −𝒋
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Example 4.2: Find the maximum rate of change of the scalar field

𝑓 𝑥, 𝑦, 𝑧 = 𝑥2 + 2𝑦𝑧2

at the point 2,1,1 . Find also the directional derivative in the direction of 

the vector 𝒗 = (1,1,0). 

Solution:

𝛻𝑓 = 2𝑥𝒊 − 2𝑧2𝒋 + 4𝑦𝑧𝒌 ⟹ 𝛻𝑓 2,1,1 = (4,2,4)

Maximum rate of change = |𝛻𝑓 2,1,1 | = 42 + 22 + 42 = 6

𝒗 = 2 ⟹  𝒗 =
𝒗

|𝒗|
=

1

2
,
1

2
, 0

this is a unit vector

in the given direction

The rate of change of 𝑓 in the direction of 𝒗:
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Example 4.3: Find the unit normal to the surface

𝑥2 + 𝑦2 − 𝑧 = 0
at the point 1,1,2 .

Solution:

⟹
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Example 4.4: Find the unit normal to the surface

𝑥3𝑦 − 𝑦𝑧2 + 𝑧5 − 9 = 0
at the point 3,−1, 2 .

Solution:


