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If f(x) is a function of x, critical points occur where f'(x)=0

Let x, be a critical point, i.e. f'(xy) =0

® To classify the critical points we must calculate f'(x)
and then evaluate it at each critical point
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2.7 Stationary Points for Functions of Two Variables

There are three types of stationary (or critical) points on surfaces:
maxima, minima and saddle points.

We now show how to locate and classify them.
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2.7.1 Conditions for Stationary Points

For any stationary point of the function f(x, y), we must have

of of

— =0 AND — =0.

ox 0 oy 0
So we calculate these derivatives and find which values of x and y
make them zero.

We calculate the three second-order partial derivatives at each of

these points, and then calculate the value of the ‘Hessian’ A, where
o by | (P (1Y (P
fix fy | \0x2) \oy? oxoy ) -

A =
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2.7.1 Conditions for stationary points (ctd..)

2 2
e lIfA>0 AND ﬂ>0 (or 8f>0>

0x? dy?
then the stationary point is a local minimum.

Of 02 f
eIfA>0 AND W<O (or 8y2<0)

then the stationary point is a local maximum.

@ If A < 0 then the stationary point is a saddle point.
@ If A =0 the procedure is inconclusive.
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Example 2.7.1

Verify that (0, 0) is a stationary point of f(x, y) =5 — x2 — y?, and
determine its classification (as a maximum, minimum or saddle point).
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of of
X —2X, ay = —2y.

Both derivatives vanish when x = 0 and y = 0.

The only stationary point for this function is the origin (0, 0).

#r L er oo

ox2 T ay2 axdy

02 [ OPf 02f \?
andso A = (8)(2> <8y2> — <8x8y> =(-2)(-2)—-0=4>0.

2

f . .
Further, gxz = —2 < 0andso (0,0) is a local maximum.

Also,
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Example 2.7.2

Verify that (0, 0) is a critical point of f(x, y) = x2 + y?, and determine
its classification.
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g; = 2X, g; = 2y. Both derivatives vanish when x = 0 and
y = 0. The only stationary point for this function is the origin (0, 0).
o?f 0?f 0?f
Also, ox2 2= oy?’ oxdy 0,

ORf\ [ 82f 92f \2
andso A = <8x2> <8y2) - <8x8y) =(2)(2)-0=4>0.

2

Further, gxg =2>0andso (0,0) is a local minimum.
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Example 2.7.3

Verify that (0, 0) is a critical point of f(x, y) = x® — y?, and determine
its classification.
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— =2x, — =-2y

Both derivatives vanish when x = 0 and y = 0.
The only stationary point for this function is the origin (0, 0).

ay2 — T oxay

O\ [ 8?f 82f \°
naso 8= () (552) - (5ay) = @210 =4 <0

Hence, (0,0) is a saddle point.

0°f 0°f 92f
Also, e 2, —=-2
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Example 2.7.4
Locate and classify the stationary points of the function

1 1
f(x,y) = §x3 — X+ éyz +2y.
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of 5 of
a =X — 17 aiy - y + 2:
and so at a stationary point,

x>~1=0 and y+2=0.

thatis,x =1or—1,and y = —2.
The stationary points are at (—1,—2) and (1, —2).

02f 92f 0?f
Ox? X3 Y2 " Ox0y 0, A=2x

We now consider each point in turn.
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2.7.1 Example (ctd)

Point 1: at (—1,-2), A=(2x)1-0=-2<0.
Hence, (—1,—2) is a saddle point.

Point 2: at (1, -2), A=(2x)1-0=2>0.
2

Also, gxg =2x =2 >0, hence, (1,—2) is a local minimum.
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Example 2.7.5
Locate and classify the stationary points of

f(x,y) = 3x% — 2xy + y? — 8y.
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of of

5_6x—2y, @_—2x+2y—8,
Fr_g P, P
ox2 7 oxdy T oy?

2
Hence, A=6x2-4=8>0, and ﬂ:6>0,
)G

S0 any stationary point (if there is one) must be a minimum.
At the stationary point, we require

6x -2y =0 and —2x+2y—-8=0.

Solving these simultaneous equations yields that the minimum occurs
at the point (2, 6).
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Example 2.7.6
Locate and classify the stationary points of

f(x,y) = x®+ y® — 3xy? + 2x.
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Hence, at a stationary point,
3x2-3y?+2=0 and 3y?—6xy=0.

The second equation gives y(y —2x) =0.
The only possibilities are y = 0 and y = 2x.

Substituting y = 0 into the first equation gives 3x°+2 =0,
which has no real solutions for x.

Hence, the only possibility is  y = 2x.
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2.7.1 Example (ctd)

If y = 2x, then substituting into the first equation gives
3x% —3(2x)2 +2 =0,
which simplifiesto  9x2 = 2,

with solutions /3 Y
2 2
X = ‘f‘? and x = —T

2

V2 2f) and (_%7_

Since y = 2x, the stationary points are (5%, <%=
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2.7.1 Example (ctd..)
To classify them, we calculate that
@ 0P 0°f

axe ~ % oxdy oy ay? Oy —6x.

RF\ [ O2f 82f \?
fence, A& = (me) <ay2> - (axay>
= 6x(By —6x) —36y% = 36(xy — x% — y?).

o (PEE) aswm(jogog)-meo

37 3
Hence, this point is a saddle point.

At <—¢3§—2\3@> A—36<4—2—8) — 24 <0.

Hence, this point is also a saddle point.
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Example 2.7.7

Calculate the dimensions of an open rectangular box of volume 4m?3
and with minimum surface area.

Solution. Suppose the box has sides of length x, y and z.

Then its volume is V = xyz and its surface area is A = 2zy + 2zx + xy.
Note that the box is open, so one face is missing.

V=4 = z:i. Hence A:§+§+xy,
Xy X y
L . 8 0A 8
To minimise A: ™ X2 +y; ay = e

8 8
So —p+y:0 and —P+x:o.

x?y 8 X
Hence W_§_1 = ;_1, or x=y.

x?y=8 = x>=8, sox=y=2 Finally, xyz=4=z=1.
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N.B. We should really check that the surface area is minimised.

2
gx'g = l—g =2>0.
Also,
233:2 and aaj;y:1
so that
Al (82A> (82A> - ( 92A >2:4_1 4
Ox? oy? oxoy
ie. A>0.

Hence, all of the conditions for this stationary point to be a minimum
are satisfied.
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Example B.3: The function f(x, y) = (x? — 3y)? + 3y has

(). One maximum at (0,—1/6)
(). One minimum at (3, 3)
(111). One saddle point at (0, 0)
(IV). No stationary points

(V). None of these
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Example B.5:  Find and classify the stationary points of the function

f(x,y) = —x2—12y + X2y + y3.
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