Recap: small changes (N=2)

f(xo, Yo) = value of f at some reference point (xg, o)
f(xo + Ax, %o +Ay),  |Ax], [Ay| <1

Changein f: Af = f(xo+ Ax,yo + Ay) — f(Xo, Vo)
We are actually interested in relative changes:

Af AX Ay
— > Ex = — Ey = ——
fo X0 Yo

Main formula (for the case N=2):

Ef —
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Justification of the formula:

Taylor expansion theorem (as given previously)

f(x,y)=f(a,b)+ K(ab)(x —a)+ f,(ab)(y —b)+... (2.1)
We expand about the reference value, so

a— Xo, b— Yo, X—X+Ax, y— Yo+ Ay
Hence, we can re-write (2.1) as

(X0 + AX, Yo + Ay) — f(Xo, o) = K (X0, Yo) AX + f,(Xo, Yo) Ay
or Af = f)Ax + f)Ay. Divide through by f = f(xo, yo):

Af O f) 0 Ax 1) Ay
— =XAx+ LAy = Xx + X
fo fo fo 4 L' xo Yo Yo

(University of Nottingham) HG1M12: Calculus Spring 2017/18



Example B.6:

An ideal gas is situated in a closed chamber. Find the approximate
change in the pressure if the temperature of the gas and the volume
of the chamber increase by 1% and 2%, respectively.

Solution: The ideal gas law:

pV =nRT — p:nR<§)zf(T,V)

Tof2 Vo fO
Apply the previous formula: ef ~ (%) eT + <ﬂ> ey
0

We are given: e = 1% and ¢y = 2%.
All we are left to do is calculate the pre-factors of =+ and <y, above.

Recall that ( Tg, Vp) is the reference value — if this is not given explicitly
It is perhaps because it plays no role in the final result.
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The partial derivatives of (T, V)= nR (%) ;
T
f%ﬂﬂmwﬁ:ﬂﬁ and $EWU@WFLWR—%
Vo Vi

Evaluate the pre-factors:

T0f70- nR Vo
— =Ty : — 1
fo Vo nRTo
Vof\9 _ vV nRTo VO _ 1
o\ v ) nRTy
0 0 0
Hence
Ef — E&ET —¢&vy

= 1% —2% = —-1%.

This means that the pressure decreases by 1%.
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2.7 Small Errors (ctd)

Sometimes we are more interested in maximum changes (or errors) in
functions, allowing the relative changes (or errors) in the independent
variables to be a decrease or an increase.

In this case we speak of the maximum percentage relative change
(or error). This is defined by taking absolute values of all the terms on
the RHS in the formulae on the previous slide:

f/
N=1": e o~ ‘XO f(XO) ‘\6)(\
0
Xo 0 }/ofo
N=2: o=~ | T flexd + | ey
Xo 0 iy Zof9
N=3 ef 2 ’5X‘+‘yo—y“5y‘+‘ . 2|
fo fo fo
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Example B.6 revisited:

An ideal gas is situated in a closed chamber. Find the maximum
percentage change in the pressure if the temperature of the gas and
the volume of the chamber change by +£1% and +£2%, respectively.

Solution:

Tof? Vof?

Apply the formula: ef:| ‘\5 \+‘ ‘|5V\

We are given that: e = 1% and ¢y = +2%. Hence,
e = (D] [1%][ + [(=1)[ - [2%| = 3%

The maximum change in pressure is 3%
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Example B.7:

The sides of a right triangles increase by 1% and 3%, respectively.
Find the corresponding approximate change in the area of the triangle.

Solution:  Area of right triangle:

A= %bCE f(b,c)

bo 2 fo
Apply the previous formula: ¢ ~ (%) ep + (C(; C) Ec
0 0

We are given: ¢, = 1% and ¢, = 3%.
All we are left to do is calculate the pre-factors of ¢, and <. above.

Recall that (bg, ¢g) is the reference value.....
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. _ 1
The partial derivatives of f(b,c) = Ebc:

1 1
f) = fy(bo, Co) = 5C  and fO = fy(bg, Cp) = = by

Evaluate the pre-factors:

bofg :bO' (10()) L — 1

fo 2 boCo
Cofg 1 2
=Cy-|(=bp | - —— =1
fo ° <2 O) bo Co
Hence
Ef = Ep+éc

= 1%+ 3% = 4%.

This means that the area of the triangle increases by 4%.
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Example B.8:

The area of an arbitrary triangle is given in terms of the lengths, b and
c, of two of its sides and the angle, «, between the sides as

1 .
A= Ebcsma.

70 .
If g = Z and the errors in the measurements of b, ¢ and « are

0.5%, —0.25%, and 1.8%,

respectively, then find the approximate change (i.e. the percentage
error) in the area of this triangle.
Express your answer to 2 significant figures.
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Souton:

Area of an arbitrary triangle:

1

A:2

bcsina = f(b, ¢, a)

bo 2 fo fO
Apply formula for N =3: & ~ <M> ep + (CO C) Ec + (ao O‘) Ea
fo fo fo

We are given: ¢p = 0.5%, e = —0.25% and ¢, = 1.8%.
All we are left to do is calculate the pre-factors, etc.

Recall that (bg, ¢y, ag) is the reference value. The fact that by and ¢
are not given suggests that perhaps we don’t need them.

The partial derivatives of f(b,c,a) = %bc sin « (next slide)
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1 1

fg = fb(bo, Co, 040) — ECO Sin ap , fg — fc(bo, Co, Cko) — ébo SN a0

-
fao = fa(bo, Co,Ozo) = ébOCO COS &

Pre-factors:

bofy 1 2
—— =by- | zcpsin : . =1

fo 0 (2 the Oéo) boCp SIN g
Cofg 1 : 2

fo “ <2 Do sl Ozo) boCo Sin oy

C

oo f2 B 1 20 2 o T

fy 0 <2b0 coS aO) bpcpsinag tanag 4

Hence ef = eEpt+ec+ %sa
— 0.5% —0.25% + — x 1.8% ~ 1.7%.

4
This means that the area of the triangle increases by 1.7%.
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Example 2.7.1

E |
What is the percentage error in the area A of the above sector if the

actual value of r is 1% greater than the design value ry and the actual
value of 6 is 3% smaller than the design value 6y?
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Solution. A _ __12: 6 =+ (r,v)

= (o )
\/\]Q AVe 6‘l\mr\‘\/‘/\a‘*" {y—:—- b/o ar\a}\ 59 Z"S/o
Co\\(v\\o\’\'\'(‘\ﬁ “H\e d;y‘e_FkCA-\,rS W 6‘6—\-

6 0 yA
Y@'\ir — Yo <V@ 9’0 ,_2——— = 24 ?‘ij_cf/, — 9((, (]—/L V@, )_;'Z,__,_ p— j__
,——‘_}—b/_ V;L 9’0 _}o ko 90

Thus.

The qvea aecveo\geg\,j WA

/__/\W
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Example 2.7.2

Suppose the design lengths of a box are xp =2m, yp = 1.5mand
Zy = 0.4m, but their measured lengths are x = 1.98m, y = 1.51m and
z = 0.41m. What is the percentage error in the volume V? What about

the maximum percentage error?

Solution:
\V= X4z = £ <Y)3\%Z>
\ﬂ:\'gm Zb‘:o.qm
\(b:LM (& O L’)
M _La1-2 & 1816 e _bdlod
X - ) Yo .S Zo -LI
o __ 0 6} = 6.606F =6.075
= . 6 i
?x = A X\OOG/G gj‘w’(/—-}[\z\i % loo/s g2:<«%of>>< |00

xe
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Chain-Rule Formulae

For multivariate functions there are several versions of the Chain Rule.

F(u) = function of one real variable

u=u(x,y) afunction of two variables

Consider the composite function:

f(x,y) = F(u(x,y))
We have seen that

of of
oy = | ix, y)) and = F(u(x, y))
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Chain-Rule Formulae (ctd)

We are interested in two new cases.

First case:

f(x,y) = function of two variables

x = x(1), y = y(t) two functions of one variable

Consider the composite function:
g(t) = f(x(1), y(1)))

Question:

How can we calculate the (ordinary) derivative of g with respect to t?
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Chain-Rule Formulae (ctd)

Second case:

f(x,y) = function of two variables

x =x(u,v), y = y(u,v) two functions of two variables

Consider the composite function:

g(u,v) = f(x(u, v),y(u, v)))

Question:

How can we calculate the partial derivatives

dg 99 ,
o and VA
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2.8 Total Derivatives

This corresponds to ‘Case 1’ mentioned earlier

Example 2.8.1

If f(x,y) = x>+ y3, x(t) =+t y(t) =t find g'(1).

One way is to substitute:

g(t) = f(x(1), y(1)) = (\/?)2 + (t2)3 — 15

Hence g'(t) =1+ 6¢°.
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Alternative method - use the (new) Chain Rule

dg d ~ ofadx  of dy
dt ~ g XY =gt oy dt |

[ Reminder: f(x,y) = x>+ y3, x(t)=+t, y(t)=1]

of of

R, . _ 2y2.

ox oy 3y

ax 1 dy

— = —, — =2

dt 21%7 dt :

dg a 1 5
ence o p (x(t), y(t)) X2t% + 3y“2t
= 21‘%L1 +3t*2t = 1 +61°, as before.
2tz
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Example 2.8.2

Using the chain rule, find % where g(t) = f(x(t), y(t)),

f(x,y) = xcosy and x(t) = 2, y(t) = 2t.

Solution:
of dx  Of dy
/ — —_— —_——
g = axdt Tayor
— 2tcos(2t) — 2% sin(2t).

= cos(y)2t + (—xsiny)2

The same result can be obtained by calculating g(t) explicitly

g(t) = f(x(t), y(t)) = t* cos(2t)

and differentiating this expression with respect to t.
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Example 2.8.3
Suppose the coordinates of a particle at time t satisfy

x(t) = acos(wt), y(t) = asin(wt)

and that we consider f(x, y) = x2 + y~.
Show that f(x, y) is constant along the curve x(t), y(t).

of dx  of dy

_ d
Solution: —1(x(1), y(1)) = ox dt (‘}’y dt

at
= (2x)(—awsin(wt)) + (2y) (aw cos(wt))
= —2z°wsin(wt) cos(wt) + 2a°w sin(wt) cos(wt) =

Hence f is constant.
Att=0,x=aandy =0. Henceatt =0, f = &°.

Since f is constant along the curve x(t), y(t), f = a° for all t.
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