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SECTION A

1. If 𝑟1 = 3𝑖−𝑗+5𝑘 and 𝑟2 = 𝑖+2𝑗−𝑘, then the unit vector in the direction of the vector 𝑟1−𝑟2 is

(a)
1
7

(−2𝑖 + 3𝑗 − 6𝑘)

(b)
1
7

(2𝑖 + 3𝑗 + 6𝑘)

(c)
1
7

(2𝑖 − 3𝑗 + 6𝑘)

(d) −1
7

(2𝑖 − 3𝑗 + 6𝑘)

(e) None of the above

2. The line passing through the point (2, 4, −3) and perpendicular to the plane

4𝑥 + 7𝑦 − 4𝑧 + 6 = 0

intersects this plane in the point

(a) (
2
3

, 2
3

, −1
3)

(b) (
2
3

, −2
3

, 1
3)

(c) (−2
3

, −2
3

, −1
3)

(d) (
1
3

, −1
3

, 1
3)

(e) None of the above

3. Consider the vectors 𝑢1 = 𝜆𝑖 + 3𝑘, 𝑢2 = −3𝑖 + 𝜆𝑗, 𝑢3 = 2𝑖 − 𝑗 + 𝑘, for some 𝜆 ∈ ℝ. The

value of this parameter which makes these three vectors coplanar is

(a) 5

(b) −3

(c) 2

(d) 3

(e) None of the above
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4. If 𝑓(𝑥, 𝑦, 𝑧) = 𝑦 tan−1(√𝑥) ln (𝑦𝑧), then
𝜕3𝑓

𝜕𝑥 𝜕𝑦 𝜕𝑧
is equal to

(a) 0

(b)
𝑦

2√𝑥 (1 + 𝑥)

(c)
1

2𝑧√𝑥 (1 + 𝑥)

(d)
√𝑥

2𝑧 (1 + 𝑥2)
(e) None of the above

5. The curl of the vector field

𝑢 = 𝑧 cos2(𝑥) 𝑖 + (sin2(𝑥) + 𝑦) 𝑗 + 𝑥𝑦𝑧𝑘

is

(a) 𝑥𝑧 𝑖 − 𝑦𝑧𝑗 − cos2(𝑥)𝑘

(b) 𝑥𝑧 𝑖 + (cos2(𝑥) − 𝑦𝑧) 𝑗 + sin (2𝑥)𝑘

(c) 𝑧 sin (2𝑥)𝑖 + 𝑗 + 𝑥𝑦𝑘

(d) 𝑧 sin (2𝑥) + 𝑥𝑦 + 1

(e) None of the above

6. The general solution of the separable equation

d𝑦
d𝑥

= e𝑦 sin(𝑥)

may be written as (with 𝐶 an arbitrary real constant)

(a) 𝑦 = − ln | cos(𝑥) + 𝐶|

(b) 𝑦 = − ln | cos(𝑥)| + 𝐶

(c) 𝑦 = − 1
ln | cos(𝑥) + 𝐶|

(d) 𝑦 = ln | cos(𝑥) + 𝐶|

(e) None of the above
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7. The integrating factor for the first-order linear ordinary differential equation

𝑥3(𝑥 + 1)
d𝑦
d𝑥

− 𝑥2𝑦 = 8 ln2 (𝑥) , (𝑥 > 0) ,

is

(a)
𝑥

𝑥 + 1

(b) 1 + 1
𝑥

(c) ex

(d)
ex+1

𝑥
(e) None of the above

8. The ordinary differential equation

2𝑥 + 3𝛼 sin (𝑦) − 𝑦e−𝑥 + (𝑥 cos (𝑦) + cos (𝑦) + 𝛽e−𝑥)
𝑑𝑦
𝑑𝑥

= 0

is exact if

(a) 𝛼 = 3 and 𝛽 = 1

(b) 𝛼 = 1
3
and 𝛽 = 1

(c) 𝛼 = 1
3
and 𝛽 = −1

(d) 𝛼 = 𝛽 = 1

(e) None of the above

9. At the point (1, −1), the function 𝑓(𝑥, 𝑦) = 3𝑥2 − 𝑦2 + 4𝑥𝑦 − 2𝑥 − 6𝑦 has

(a) a local minimum

(b) a saddle point

(c) a local maximum

(d) None of the above
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10. The Taylor series of the function

𝑓(𝑥, 𝑦) = √𝑥2 + 𝑦3

about the point (1, 2), up to and including first-order terms, is

(a) 3 + 𝑥
3

+ 2𝑦

(b) 3 + (
𝑥
3

− 1) − 2𝑦

(c) 3 + 1
3

(𝑥 − 1) + 2(𝑦 − 2)

(d) 3 − 1
3

(𝑥 − 1) − 2(𝑦 − 2)

(e) None of the above

11. A unit normal vector to the surface

sin2 (𝑥) + cos (2𝑦) − 2𝑧 = 0

at the point (
𝜋
4

, 𝜋
4

, 1
4) is

(a) (
1
3

, 2
3

, 2
3)

(b) (
1
3

, −2
3

, 1
3)

(c) (
1
3

, −2
3

, −2
3)

(d) (−2
3

, −2
3

, −1
3)

(e) None of the above

12. The directional derivative of the scalar field

Φ(𝑥, 𝑦, 𝑧) = (𝑥 + 𝑦) ln(𝑥 + 𝑧) + 𝑥𝑦𝑧

at the point (2, 3, −1) in the direction of the vector 𝑠 = (−2, 2, 1) is

(a) −1

(b)
1
3

(c) 1

(d) 0

(e) None of the above
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SECTION B

13. (a) Consider the points

𝐴 (1, −2, 3) , 𝐵 (1, 1, 1) 𝐶 (0, 1, −1) .

i) Determine the plane 𝒫 passing through these three points. [6 marks]

ii) Does 𝒫 pass through the point 𝐷 (0, −2, 1)? Justify your answer. [2 marks]

iii) Calculate the acute angle between 𝒫 and the plane with Cartesian equation

3𝑦 − 4𝑧 − 6 = 0.

Express your answer in radians to 5 significant figures. [5 marks]

(b) A particle of mass 3 has position vector

𝑟 (𝑡) = 4𝑡3 𝑖 + (1 + 6𝑡2) 𝑗 + (6𝑡 − 5)𝑘 .

i) Determine the velocity vector 𝑣 (𝑡) and the acceleration vector 𝑎 (𝑡) of the particle,

and the force 𝐹 (𝑡) acting on the particle.

[6 marks]

ii) Determine the speed of the particle at time 𝑡, simplifying your answer as much as

possible.

[2 marks]

iii) Determine the moment about the origin of the force 𝐹 (𝑡) acting at the point 𝑟 (𝑡).
[2 marks]

iv) Determine a parametric equation of the straight line passing through the points

whose position vectors are 𝑟 (0) and 𝑟 (1), respectively.
[2 marks]
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14. (a) The critical buckling load 𝑃 for a beam of rectangular cross section is given by the

formula

𝑃 ≡ 𝑃 (𝑏, ℎ, 𝐿) = 𝐾 (
𝑏ℎ3

𝐿2 ) ,

where 𝐾 a material constant, 𝐿 represents the initial length of the beam, while 𝑏 and

ℎ (𝑏 > ℎ) characterize the rectangular cross-section.

The percentage errors in measuring 𝑏, ℎ and 𝐿 are +1%, +2% and −0.5% respectively.

i) Compute the percentage error in 𝑃.
[10 marks]

ii) Compute the maximum percentage error in 𝑃.
[2 marks]

(b) Show that the ordinary differential equation

cos (𝑦) + 𝑦 cos (𝑥) + (sin (𝑥) − 𝑥 sin (𝑦))
𝑑𝑦
𝑑𝑥

= 0 ,

is exact, and then find its solution which satisfies 𝑦 = −1 when 𝑥 = 0.
[6 marks]

(c) If 𝑓(𝑥, 𝑦) = 𝑥2 + 2𝑦𝑥2
and 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃, use the chain rule for multivariate

functions to show that

𝑓𝑟 sin 𝜃 + 1
𝑟

𝑓𝜃 cos 𝜃 = 2𝑥2 .

[7 marks]
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15. (a) Find the general solution of the linear ordinary differential equation

𝑥(1 − 𝑥)
d𝑦
d𝑥

− (𝑥 − 1)𝑦 = 1 − 𝑥2, 𝑥 > 1 ,

and then determine the particular solution which satisfies 𝑦(1) = 1.
[6 marks]

(b) Find and classify all stationary points of the function

𝑓(𝑥, 𝑦) = 𝑥6 + 7𝑦5 + 96𝑥2 − 35𝑦 + 8 .

[7 marks]

(c) i) If 𝜙 = 𝜙(𝑥, 𝑦, 𝑧) and 𝜓 = 𝜓(𝑥, 𝑦, 𝑧) are two scalar fields, then check by direct

calculations that

∇ ⋅ (𝜙∇𝜓) = (∇𝜙) ⋅ (∇𝜓) + 𝜙∇2𝜓 .

[8 marks]

ii) Let 𝑓 = 𝑓(𝑥, 𝑦, 𝑧) and 𝑔 = 𝑔(𝑥, 𝑦, 𝑧) be two harmonic scalar fields. Show that the

vector field 𝑓(∇𝑔) − 𝑔(∇𝑓) is solenoidal.

[4 marks]
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