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¢ In the second part of this unit we are going to be concerned with

various aspects related to complex numbers
(please make sure you check the first part of the notes on complex numbers)

*¢ Polar form of complex numbers; principal argument

¢ Integral powers of complex numbers

% Solutions of the equation w"* = =z (the n n-th roots of a non-zero complex
number z)
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The modulus of a complex number 2z = x + iy, is the real number

2| = V2% + 2. (1)

Yy
Z=X+1y
. . .
Properties: MR a——
Z122| = |Z1] |*2
X 2 A

Z9 )

| EXANMPLE 1 Modulus of a Complex Number

If 2 = 2 — 3¢, then from (1) we find the modulus of the number to be

2| = /22 + (—3)? = V13. If 2 = —9i, then (1) gives |—9i| = /(—9)2 = 0.
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Y
P(r, 8) (r, ) or (x, )
N
N o
4 |
y < i >~ Yy=rsin 6
0 |
|
ole polar A Y /
P axis X =rcos 6 g)?ils? '
> =7r(cost +i1sinb). 7 =120
f is called an argument of z 0 = arg(z)
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If 6, is an argument of z, then the angles 6, + 2m, 8, + 4m, ... are also
arguments of z.

In practice, we find 8 by using the trig equation tan 0 = y/x

Because the ‘tan’ function is = —periodic, some care must be taken
when solving this equation.

A calculator will give only angles that satisfy —7/2 < tan~!(y/x) < 7/2

.e., angles in the first and fourth quadrant. We MUST choose ¢ consistent with
the quadrant in which our complex number z is located; this may require adding or
subtracting 7™ to tan'(y/x) when appropriate.
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Express —v/3 — i in polar form.

Z

Solution With z = —v/3 and y = —1 we obtain r = |z| = \/(_ﬁ)g + (—1)2
= 2. Now y/x = —1/(—V/3) = 1/V/3, and so a calculator gives tan=* (1/1/3)

= 7/6, which is an angle whose terminal side is in the first quadrant. But
since the point (—/3, —1) lies in the third quadrant, we take the solution of

tanf = —1/(—v3) = 1/v/3 to be § = arg(z) = 7/6 + © = 71 /6.
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IS hile ol AR RERbResa8d  The symbol arg(z) actually represents a set of

values, but the argument 6 of a complex number that lies in the interval
—7m < # < 7 is called the principal value of arg(z) or the principal argu-
ment of z. The principal argument of z is unique and is represented by the
symbol Arg(z), that is,

—m < Arg(z) <
Y
3 6£
] P ] ] Y
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In general, arg(z) and Arg(z) are related by

arg(z) = Arg(z) +2nm, n =0, =1, £2.... .

.
For example, arg(i) = 5 + 2nm.

For the choices n =0 and n = —1

arg(1) = Arg(i) = 7/2

arg(i) = —37/2
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21 =1r1(cosfy +isinby) 29 = ro(cos By + isin fy)

2129 = 1ri1ra |[cos (01 + 02) + isin (01 + 602)]
z r
RE cos (01 — 6y) +isin (07 — 0s)] .
2o T
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Multiplication and division (example)
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We have just seen that for z; =i and 2o = —/3 — i that Arg(z;) = 7/2 and

Arg(zo) = —57/6, respectively.
sz =i(—V3—i)=1—3i
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Il

> = 1" (cosnb + i1 sinnb)

EXAMPLE:
Compute 2> for 2 = —v/3 — i

z = 2|cos (Tm/6) + isin (77 /6)]

(—\/§ — L) — 93 [ (‘3%) + 7 sIn (‘3%)] = & {coa %T + 7sin %T = —&

since cos(77/2) = 0 and sin(77/2) = —1
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Suppose z = r(cosf 4+ isinf) and w = p(cos ¢ + isin Q)

p"(cosno +isinng) = r(cosf + isinb)

-------------

( 1

1

pr=r p = T
1 1

. o ,. o N ————— /
cosno + i1sinng = cosf + isin f
cosno = cosl sinng = sin
O 4 okr |
. 1 .- Wi i
no =0+ 2k L= —— |
I & :
N e e e J
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The n nth roots of a nonzero complex number

2z =r(cosf + isind)

- 0+ 2k [0+ 2T
wy. = Yr |cos + 7 sIn
n n

where £ =0, 1, 2, .... n—1
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Find the three cube roots of 2 =1

Solution we are basically solving the equation w” =1
z = cos(m/2) +isin(mw/2) r=1,0=arg(i) =m/2 n=23
2+ 2k 2+ 2k
Wy = V1 [eos (W/ J?: W) + 7 sIn (W/ J?: W)] . k=0,1,2
3 1

k=0, wy= COS% +1 sin% = g — 5@
5 5 3 1

k=1, w; = cos % + 7 sin % = % + §z,
37 .37

k=2, wy = cos -5 + 7 sin -5 = —1.
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Find the four fourth roots of z =1 +1

Solution In this case, r = v/2 and 6 = arg(2) = 7/4.

?T/4+2k‘ﬁ)]? k=01, 2, 3

Wy = E\3/5 [cos (
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1.06955 + 0.212748i

-0.212748 + 1.06955i -

Q

-1.06955 - 0.212748i
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0.212748 - 1.06955i -





