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 Definite integrals

 Fundamental Theorem of Calculus

 Area below a curve and the x-axis

 Definite integrals evaluated by using: substitution OR integration by parts

Be able to evaluate definite integrals

Be able to find the area between a curve and the x-axis using definite integration
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Recall (from last week):

Suppose 𝐹 𝑥 has a derivative 𝑓 𝑥 , i.e. 𝐹′ 𝑥 = 𝑓(𝑥)

𝐹(𝑥) is the antiderivative of 𝑓(𝑥)

The indefinite integral of 𝑓 𝑥 is denoted by  𝑓 𝑥 𝑑𝑥 and is given by

 𝑓 𝑥 𝑑𝑥 = 𝐹 𝑥 + 𝐶

This is always determined up to an arbitrary constant  𝐶, because differentiating 

a constant gives zero.



School of Computing and Engineering Ciprian D. Coman

4 24 October 2020

Fundamental Theorem of Calculus

The definite integral of 𝑓 𝑥 , with upper and lower limits 𝑏 and 𝑎, satisfies

 

𝑎

𝑏

𝑓 𝑥 𝑑𝑥 = 𝐹(𝑥) 𝑎
𝑏 = 𝐹 𝑏 − 𝐹(𝑎)
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(Cont’d)
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UPPER LIMIT

LOWER LIMIT
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The area under a curve
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In the unit Integration (finding area) you’ll find an alternative way of dealing with 

evaluating areas that are both above and below the x-axis. That approach is more 

general and can be used for finding the finite area bounded by the graphs of 

two functions.
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We are going to look at how the integration techniques from last week can be 

used to evaluate definite integrals.  
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Last week: integration by substitution

𝐼 =  𝑓(𝑔 𝑥 ) ∙ 𝑔′ 𝑥 𝑑𝑥Can be used on integrals of the form

Let 𝑡 = 𝑔(𝑥) ⟹
𝑑𝑡

𝑑𝑥
= 𝑔′(𝑥) ⟹ 𝑑𝑡 = 𝑔′ 𝑥 𝑑𝑥

Thus, 

𝐼 =  𝑓 𝑡 𝑑𝑡 = 𝐹 𝑡 + 𝐶 = 𝐹 𝑔 𝑥 + 𝐶

Example:  𝑥 𝑒𝑥
2
𝑑𝑥 𝑡 = 𝑥2

𝑑𝑡 = 2𝑥 𝑑𝑥
Let

=  
1

2
𝑒𝑡 𝑑𝑡 =

1

2
 𝑒𝑡𝑑𝑡 𝑥 𝑑𝑥 =

1

2
𝑑𝑡=

1

2
𝑒𝑡 =

1

2
𝑒𝑥

2
+ 𝐶

Then

and
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“Substitution” for definite integrals

 
𝑎

𝑏

𝑓 𝑔 𝑥 ∙ 𝑔′ 𝑥 𝑑𝑥 =  
𝑔(𝑎)

𝑔(𝑏)

𝑓 𝑡 𝑑𝑡

= 𝐹(𝑡) 𝑔(𝑎)
𝑔(𝑏)

= 𝐹 𝑔 𝑏 − 𝐹(𝑔 𝑎 )

The only difference is that in this case we need to calculate 𝑔 𝑎 and 𝑔 𝑏
and then evaluate the underlined expression. Study this example:

 

1

3
𝑥

𝑥2 + 1
𝑑𝑥 =

1

2
ln 𝑡

2

10

𝑔 𝑥 = 𝑥2 + 1

=
1

2
ln 10 − ln 2 = ln 5
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𝑡 = cos 𝑥

⟹ 𝑑𝑡 = −sin 𝑥 𝑑𝑥

Looking at the limits:
𝑥 = 0 ⟹ 𝑡 = cos 0 = 1

𝑥 =  𝜋 4 ⟹ 𝑡 = cos  𝜋 4 = 1/ 2

 
0

 𝜋 4 sin 𝑥

cos 𝑥
𝑑𝑥 =  

0

1/ 21

𝑡
× −𝑑𝑡 = − 

1

1/ 2𝑑𝑡

𝑡
= − ln

1

2
+ ln(1)

= − ln
1

2

Let
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Integration by parts (for definite integrals)

 

𝑎

𝑏

𝑈𝑑𝑉 = 𝑈𝑉 𝑎
𝑏 −  

𝑎

𝑏

𝑉𝑑𝑈,

𝑈𝑉 𝑎
𝑏 = 𝑈 𝑏 𝑉 𝑏 − 𝑈 𝑎 𝑉(𝑎)

where we have used the short-hand notation

 

𝑎

𝑏

𝑈 𝑥 𝑉′ 𝑥 𝑑𝑥 = 𝑈𝑉 𝑎
𝑏 −  

𝑎

𝑏

𝑉 𝑥 𝑈′ 𝑥 𝑑𝑥We can also write (∎) as 

(∎)
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Another example:
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(Cont’d)




