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Overview/Learning outcomes

¢ Definite integrals
+¢» Fundamental Theorem of Calculus
+¢» Area below a curve and the x-axis

¢ Definite integrals evaluated by using: substitution OR integration by parts

4 N
Be able to evaluate definite integrals

Be able to find the area between a curve and the x-axis using definite integration
\- y,
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Recall (from last week):
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Suppose F(x) has a derivative f(x), i.e.

____________________

F(x) is the antiderivative of f(x)

The indefinite integral of £ (x) is denoted by [ f (x)dx and is given by

———————————————————————————

——————————————————————————

This is always determined up to an arbitrary constant C, because differentiating
a constant gives zero.
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Fundamental Theorem of Calculus

The definite integral of £ (x), with upper and lower limits b and a, satisfies

b
] F()dx = [FOIL = F(b) — F(a)
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Examples

Evaluate f‘%(x2 +2)dx

= Find the integral in the normal way — but put the integrated function
in square brackets and rewrite the limits on the right-hand side.

~—

/ﬂ (x*+2)dx= [ \3 + 2x]:y

/V

Notice that there’s no
constant of integration.
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(Cont'd)

/ UPPER LIMIT
~73 . x_'i 3
/ (x*+2)dx = [? + 2x]
| 1
YT~ LOWER LIMIT
= Put in the limits:
Put the upper limit ...then subtract the value of
into the integral... the integral at the lower limit.

‘3—)1—)
3 3
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The area under a curve

The value of a definite integral represents the area between the x-axis
and the graph of the function you’re integrating between the two limits.

Graph of the function
you're integrating

area = '/‘bf(x) dx

' "
a b
P ad s
Lower limit Upper limit
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The area under a curve/example

Find the area between the graph of y = x?, the x-axis

and the lines x = -1 and x = 2.

You just need to integrate the
function f(x) = x? between
—1 and 2 with respect to x.

The limits of
integration are

f(x
—1 and 2. /

w|~*
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Put in the limits
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So the area is 3
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The area under a curve

If you integrate a function to find an area that lies below the x-axis,
it'll give a negative value.

If you need to find an area like this, you'll need to make your answer positive
at the end as you can’t have negative area.

Ay Tip: It's important to
note that you're actually
finding the area between
the curve and the x-axis,
not the area under the

y = tx) curve (the area below a
curve that lies under the
x-axis will be infinite).

¥

area =—fbf(x) dx

2 L

School of Computing and Engineering Ciprian D. Coman
9 24 October 2020



Example

Find the area between the graph of
y = 4x - 3x? — x* and the x-axis
between x = -4 and x = 0.

= You can see from the sketch of the
graph that the area you're trying to
find lies below the x-axis.

= So all you have to do is integrate
the curve between the given limits
and then make the area positive at
the end.

~0 , ) : .
j (4x—=3x"—x')dx =|2x"—x"—
4
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The area under a curve

-

0 | | | ot
/ (4x—3x’—x")dx = [21‘1—){*"——' ]
4

4

4

=0-(32+64—-64)

=-=32

So the area between the curve and the x-axis
between x = -4 and x=01is 32.

School of Computing and Engineering
11 24 October 2020

o A= =

v

Ciprian D. Coman



Tips

If you need to find the area for a portion of a curve which lies both above
and below the x-axis, you'll need to find the areas above and below
separately and add them up at the end so that the negative and positive

integrals don’t cancel each other out.

In the unit Integration (finding area) you'll find an alternative way of dealing with
evaluating areas that are both above and below the x-axis. That approach is more
general and can be used for finding the finite area bounded by the graphs of

two functions.
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NEXT

We are going to look at how the integration techniques from last week can be
used to evaluate definite integrals.
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Last week: integration by substitution

Can be used on integrals of the form [ = f flg(x))-g'(x)dx

dt
lett =g(x) > —=g'(x) = dt=g'(x) dx

dx
Thus,
I = jf(t)dt=F(t)+C=F(g(x))+C
— A2
Example: d Ten dt —
xample j X e dx Then dt = 2x dx
1 1 1 1 and
(. 10 B 2 1
_jze dt—zjedt—zet—iex +C xdx = — dt

2
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“Substitution” for definite integrals

g(b)

b
f flg(x) - g'(x)dx = “ f(e)dt
a g(a

= [F()]40) = F(g(b)) — F(9(@)

The only difference is that in this case we need to calculate g(a) and g(b)
and then evaluate the underlined expression. Study this example:

3
szjfl—l dx = [ ln(t)] = — (1n10 —1In2) =InvV5
1

— A2 .
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Another example:

Let t = cosx
—> dt = —sinx dx

o vin .
, a 7 Sinx
Find / tanxz dx :f dx
0 0O COSx

Looking at the limits:
x =0 —> t=cos0=1

x="/, = t= cos(”/4) =1/V2

/% sin x 1N2 N2 gt 1
dx = — X (—dt) = — —=—In{— )+ In(1
jo cosx fo t (=dt) fl t n(\/f>+ n(1)

= —]n <T>
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Integration by parts (for definite integrals)

——————————————————————————————————————

{ b b )
jUdV = [UV]E - deU,  (m)
| a a !

——————————————————————————————————————

where we have used the short-hand notation

[UV]g = UMbV (D) — U(a)V(a)

b b
We can also write (m) as f Ux)V'(x)dx = [UV]? — j V(x)U'(x)dx

a a
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Example:

ra| S

Evaluate f 20 sin do
0

_l
Let u =26, from which, %:2. le. du=2d# and let

do =sinf df, from which,

u:/sin&dﬂ:—cc}ﬂﬂ

Substituting into | udo =uv — | v du cives: %
= / J © Hence f 20 sin 0 do
0

20sin0 df = (260)(—cosd —/ —cos)(2df L.
/ ad =) )2) = [—20cosB + 2sinf];
:—ESCGSH—I—EJ-:GSSdQ o (EYeos E 2a2ain 2| — o
[ _(E)LDBZ —|—2*,u12:| [0+ 2sin0]

= —20cosf + 2sinf +c = (—0+2)—(0+0)=2



Another example:

1
Evaluate / S5xe** dx, correct to
0

3 significant figures

du
Let u=5x. from which d_ =35.1.e. du=35dx and
X
let dp = e** dx. from which. v = f et dx = %ej'x

Substituting into [udo=uv — [vdu gives:

eix eix
/ Sxe™ dx = (5x) (T) — / (T) (5dx)
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(Cont'd)

1 - 1

Hence / Sxe™dx = | Ze* (_;;__)]
Jo i 1],

15 5
(i)~ (1)

= 51.18640.313 =51.499 = 51.5,
correct to 3 significant figures.
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