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Outline/Learning outcomes

 In this unit we’ll be concerned with finding the areas of various regions in 

the plane, which are bounded by the graphs of given functions and certain 

vertical and/or horizontal lines.

 This is an application of the material covered in the unit on definite integration.

 The general technique for finding the areas mentioned above is introduced and 

illustrated by a number of examples of varying degrees of difficulty.
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Reminder:

The definite integral of 𝑓 𝑥 , with upper and lower limits 𝑏 and 𝑎, is

 

𝑎

𝑏

𝑓 𝑥 𝑑𝑥 = 𝐹(𝑥) 𝑎
𝑏 = 𝐹 𝑏 − 𝐹(𝑎)

Geometrical interpretation:

Area enclosed by 

the 𝑥-axis and 𝑓 𝑥 ,
between 𝑥 = 𝑎
and 𝑥 = 𝑏
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Enclosed area: examples

EXAMPLE:



School of Computing and Engineering Ciprian D. Coman

5 24 October 2020

OBSERVATION

INTERSECTION 

POINT
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Enclosed areas: examples
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A general result:

Let 𝑓, 𝑔 be two continuous functions such that

𝑓(𝑥) ≥ 𝑔(𝑥) for all     𝑎 ≤ 𝑥 ≤ 𝑏

Then the finite area between the graphs of these two functions and

the vertical lines 𝑥 = 𝑎 and 𝑥 = 𝑏 is given by

 
𝑎

𝑏

𝑓 𝑥 − 𝑔 𝑥 𝑑𝑥

 
𝑎

𝑏 𝑢𝑝𝑝𝑒𝑟
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 −

𝑙𝑜𝑤𝑒𝑟
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑑𝑥

𝑓(𝑥)

𝑔(𝑥)

𝑥 = 𝑎 𝑥 = 𝑏

𝑦

𝑥
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Enclosed areas: examples

EXAMPLE:

𝜋

4

5𝜋

4
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Enclosed areas: examples
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Enclosed areas: examples
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Enclosed areas: examples
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A similar example:

Find the are between the curves

𝑦 = sin 𝑥 + 4 and 𝑦 =
3

2
+

5

2𝜋2
𝑥 − 𝜋 2

0 ≤ 𝑥 ≤ 2𝜋for
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(Cont’d)
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Observation
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Here is such an example:

 
0

3

0 − 𝑥 𝑥 − 3 𝑑𝑥 +  
3

5

𝑥 𝑥 − 3 − 0 𝑑𝑥

𝑓 𝑓 𝑔𝑔

= 4
1

2
+ 8

2

3
= 13

1

6

(see MathTutor)

𝑥

𝑦

OBS. The x-axis has equation y = 0
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Other examples

 
0

2

[𝑥 3 − 𝑥 − 𝑥]𝑑𝑥

𝑓 𝑔

=
4

3

𝑥 = 2

(see MathTutor)
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Other examples

Determine the area of the finite region 

bounded by 𝑦 = 𝑥𝑒−𝑥
2
, 𝑦 = 𝑥 + 1, 𝑥 = 2

and the 𝑦 −axis 

7

2
+
𝑒−4

2
Answer = 

Determine the area of the finite

region bounded by 𝑦 = 2𝑥2 + 10
and 𝑦 = 4𝑥 + 16

64

3
Answer = 
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Solutions
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Solutions
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A difficult example

142

3
Answer = 

Determine the area of the finite region bounded by 𝑦 = 2𝑥2 + 10
𝑦 = 4𝑥 + 16, 𝑥 = −2 and 𝑥 = 5.
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Solution
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Solution
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Learning Resources

https://www.mathtutor.ac.uk/integration/findingareasbyintegration

MathTutor:

K.A. Stroud and D.J. Booth, Engineering Mathematics, 7th Edition,

p.366-279; Optional questions: Test Exercise F.13: Q.5 (p.380); Further 

Problems F.13 (p.381): Q.5, 6 (a,b,…,e).

(The practice questions for this week are available in a separate document 

on Brightspace; the above optional questions are for those who want to do more)

REQUIRED:

OPTIONAL:

https://www.mathtutor.ac.uk/integration/findingareasbyintegration
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	𝑦=4𝑥+16,𝑥=−2and 𝑥=5.
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