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———————————————————

Suppose F(x) has a derivative f(x), i.e. il F'(x) = f(x)

F(x) is the antiderivative of f(x)

The indefinite integral of £ (x) is denoted by [ f (x)dx and is given by

———————————————————————————

jf(x)dx =F(x)+C

S Ty,
- -t

This is always determined up to an arbitrary constant C, because differentiating
a constant gives zero.
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Motivation HUDDERSFIELD

Why bother about the antiderivative of a function?

——————————————————————————————

The definite integral
of £ (x), with upper and lower
limits b and a
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Geometrical interpretation:

Area enclosed by ,
the x-axis and f(x), Area = f f(x) dx
betweenx = a )
andx = b
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ions: solids of revolutions HUDDERSFIELD
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Application: volume /area of a torus HUDDERSFIELD
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Tables of integrals HUDDERSFIELD

Please make sure that you are familiar with the table of integrals posted
on Brightspace (you are welcome to use your own table, but please make
sure it is not an oversimplified version).

If you have never used a table of integrals, please visit MathTutor:

It is your responsibility to have the table available in your tutorial sessions.
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Indefinite integrals of elementary functions HUDDERSFIELD
Powers (except 1/x):
xn+1
N dyx = C i _
fx X n+1+ provided n # —1

This rule also works for fractional powers. For example:

2
fﬁdx= fxl/zdx: §x3/2+C

Trigonometric:

fsinxdx=—cosx+C fcosxdx=sinx+(]
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Indefinite integrals of elementary functions  HuppersFiELD

Exponential:

fexdx: e* +C je‘xdxz—e_x+C

—————————————

dx
f—=lnx+C
:I|> X

Note how this is the only power that does not obey the general rule given on
the previous page

-,
-———————,

—————————————
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Some basic integration rules HUDDERSFIELD

O / [Qh(gg)] dr =« Uh(g;) dgj} if a is a constant

(note, this is not true if « is a function of x)

O /[hl(gg) hg(m)]dx:/hl(m)dx /hg(az)dgg

These properties enable us to find the integrals of more complicated functions.
They are called linearity properties.
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Application: hyperbolic functions HUDDERSFIELD
We can integrate those by combining integrals of e* and e™*
_ 1

Let us find f sinh x dx sinh(x) = S(e” —e™)

fsinhx dx = jl(ex —e X)dx = lj eXdx — lj e *dx
2 2 2
1 1
=-e*—=(—De™*+C

Note, only one constant need be added 2 2
at the end. Each one of the two integrals | .
generates a constant, but these can be =5 (e*+e™)+C =coshx+C

added up into C
Likewise f coshx dx =sinhx + C
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Integration by (direct) substitution HUDDERSFIELD

Can be used on integrals of the form [ = f flg(x))-g'(x)dx

dt
lett =g(x) > —=g'(x) = dt=g'(x) dx

dx
Thus,
1:jf(t)dt=F(t)+C=F(g(X))+C
— A2
Example 4.1: x? g o e
xample j X e ax Then dt = 2x dx
1 1 1 1 and
(1, 1 ; B B 2 1
_jze dt—zfedt—zet—zex + C xdx = = dt

2
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Example 4.5: [ = f e*V1+eX dx

dx

Example 4.4. —
P ! sz +1

t=x’4+1 = dt = 2xdx t=1+4+e* = dt= e*dx

1
— xdx = Edt

|
|
|
|
|
|
|
|
|
|
|
|
|
| 2
|
|
1 1 1 rdt |
[= | — -=dt=—=—| — |
t 2 :
|
|
|
|
|
|
|
|
|
|
|
|

sz tl/zdt=§ t3/2 4+ C

2) t 2
== (1+e¥)%2+¢C
. ; (1+eb)
=—=Int+C

2n +

1
= Eln(xz +1)+C
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Other examples HUDDERSFIELD

Example

Suppose now we wish to find the integral

/005(333 +4)dx

du U
with uw =32+ 4 and U 3 — du = % dr = 3dx
dx dx

—r

1
/COH(3I+4)dr = /gco:%udu

1
— 3 / cos u du

S u -+ c.

1
_ /005(3;1". +4)dx = 3 sin(3z +4)+c.

1
3
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Product Rule di{U(m)V(x)} _ U(I)Z_V+ V(I)Z—U

4
INTEGRATE: U@V () = [ U(m)% n /V(m)iﬂi_U

-+

RE-ARRANGE: [ U (m)ij de = U(2)V(z) = [V (m)‘fg dx

Simplified form: /UdV =UV — /VdU
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Example 4.6

Calculate / x e’ dx using the above formula

We need to identify: U, V, dU, dV

let U=z, dV =e'dz

fﬁﬁexdﬂﬁ
U—- > dV

then dU =dz, V =e"

|
~
@D

Lo e;E _|_ C‘I‘ (C‘I‘ E R) dU = U!(Q’J)dﬂ’}
V=[dv

ASIDE
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Look for a factor of the integrand that is easily integrated, and include

dx with that factor to make up dV. Then U is the remaining part of the

integrand (sometimes it might be necessary to take dV=dx only).

integrand = polynomial x <

r

.

A’
exponential

sine

cosine

U = polynomial

School of Computing and Engineering
16 17 October 2020
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dV = the rest

s

¢

integrand = <

log

[]

inverse trig function

some other function

not readily integrable
\ v s

U = one of the above

dV = the rest

Ciprian D. Coman
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Example 4.7 HUDDERSFIELD
Calculate [ 22 log(x) dz et U=log(),  dV=slds
/ :then dU = [log(z)]'dz, :%4
— /lO ) 34 _
= d(x) - z7dx
1 1
— Z;}:4|og (z) — /ZJ}4 : [Iog(;}:)rdm
1 1
= Z:B4 log(x) — 2 23 dz
= atlog(z) — =~ +C [log(@)]" =~
1
= —z* [Iog(m) - —] + C
4 Ciprian D. Coman

17 17 October 2020



fUdV:UV—/VdU {

University of
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Example 4.8:  Calculate f z2 sin(z) dz

I
| let U=2z2?, dV =sin(z)dz
2 sin(z) dz | ,
| then dU =2zdzx, V = —cos(z)
-
: let U=z, dV = cos(z) dz
| then dU =1-dz, V =sin(z)
= —z? cos(z) + 2/93 .cos(z) dz L

— —x?cos(z) + 2[33 sin(x) — fsin(g:) dﬂj‘}
— 2?2 cos(x) + 2xsin(z) + 2cos(x) + C

= (2 — z%) cos(z) + 2z sin(z) + C Cipran D. Coman
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Partial fractions & integration (mathtutor) HUDDERSFIELD

Some integrands do not yield to integration by parts or by substitution,
but may be expressible in terms of partial fractions.

d
Example 4.9: Evaluate j *
x(x?+ 1)
. | e 1 _A Bx+C
reak this down into partial fractions: Y241 x 2 +1
whereupon A =1,B =-1,C = 0. S0
f dx _ (dx j x dx these integrals are
x(x2+1) | x

x%2 +1 / in the Table

1
=lnx — =In(1+x2)+C

School of Computing and Engineering 2 Ciprian D. Coman
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Integrals of rational functions (mathtutor) HUDDERSFIELD

Example

Suppose we want to find

/ (2- i‘-ir +3) e

_ x

C-2)z+3) (2-2) (13 2—2)(r+3) 502—x2) 5(x+3)

2 3 2 —1 3 1
S d - d __ d
/ (5(2—5{‘.) 5(1‘—|—3)) ! 5/2—3‘. Y7E /;r—|—3 !

2 3
= ——In2—z|—-lnjz+3|+c
) )
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Integrals of rational functions (mathtutor) HUDDERSFIELD
Example

L , o x this is a challenging

Suppose we wish to find / o ld;r example

1 2 _1 20+ 1 — 1 _1 20+ 1 1
2 :r2+:r+1 _2 :I‘Q—I—:I‘—l—l _2 :I‘Q—I—:I‘—i—l -;r2+:1“+1

/ T | 11 ‘2+ +1‘ 1 _12:I‘—|—1+
‘ dr = —In |z x — tan = ——— + C
2 +ax+1 2 V3 V3
School of Computing and Engineering Ciprian D. Coman
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https://www.mathtutor.ac.uk/integration

K.A. Stroud and D.J. Booth, Engineering Mathematics, 7" Edition,
(chapters on integration)
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	Figure
	𝑡=𝑥2
	𝑡=𝑥2
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	Let
	Let

	= 12𝑒𝑡𝑑𝑡=12 𝑒𝑡𝑑𝑡
	= 12𝑒𝑡𝑑𝑡=12 𝑒𝑡𝑑𝑡

	𝑥𝑑𝑥=12𝑑𝑡
	𝑥𝑑𝑥=12𝑑𝑡

	=12𝑒𝑡=12𝑒𝑥2+𝐶
	=12𝑒𝑡=12𝑒𝑥2+𝐶

	Then
	Then

	and
	and
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	=231+𝑒𝑥 32+𝐶
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	Look for a factor of the integrand that iseasily integrated, and include dxwith that factor to make up dV. Then Uis the remaining part of the integrand (sometimes it might be necessary to take dV=dxonly).
	Look for a factor of the integrand that iseasily integrated, and include dxwith that factor to make up dV. Then Uis the remaining part of the integrand (sometimes it might be necessary to take dV=dxonly).
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	Example 4.9: 

	Some integrands do not yield to integration by parts or by substitution, 
	Some integrands do not yield to integration by parts or by substitution, 
	but may be expressible in terms of partial fractions.

	Evaluate
	Evaluate

	 𝑑𝑥𝑥(𝑥2+1)
	 𝑑𝑥𝑥(𝑥2+1)

	Break this down into partial fractions:
	Break this down into partial fractions:

	1𝑥(𝑥2+1)=𝐴𝑥+𝐵𝑥+𝐶𝑥2+1
	1𝑥(𝑥2+1)=𝐴𝑥+𝐵𝑥+𝐶𝑥2+1

	whereupon
	whereupon

	𝐴=1,𝐵=−1,𝐶=0. So
	𝐴=1,𝐵=−1,𝐶=0. So

	 𝑑𝑥𝑥(𝑥2+1)= 𝑑𝑥𝑥− 𝑥𝑑𝑥𝑥2+1
	 𝑑𝑥𝑥(𝑥2+1)= 𝑑𝑥𝑥− 𝑥𝑑𝑥𝑥2+1

	=ln𝑥−12ln1+𝑥2+𝐶
	=ln𝑥−12ln1+𝑥2+𝐶

	these integrals are 
	these integrals are 
	in the Table
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	Learning Resources

	https://www.mathtutor.ac.uk/integration
	https://www.mathtutor.ac.uk/integration
	K.A. Stroud and D.J. Booth, Engineering Mathematics, 7thEdition,
	(chapterson integration)




