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» Inverse functions (see Week 1 as well)
» Inverse Trigonometric functions
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Functions (see Week 1) HUDDERSHELD

The Function Rule

Domain:
The set of all inputs

Range:
The set of all outputs

EXAMPLE: State the domain and range for the function
y=T75x, 0=x=40

ANSWER: Domain = {x |0 = x = 40)
Range = {v|0 =y = 300)
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Functions (Vertical Line Test) HUDDERSHALD

T |
VERTI(AL LINE TEST

]f a vertical line crosses the graph of a relation in more than one place, the relation
cannot be a function. If no vertical line can be found that crosses a graph in more
than one place, then the graph is the graph of a function.

A

A
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The Inverse of a Function HUDDERSHELD

To get to his school, Fred drives 3 miles east and then turns left and drives 2 miles north.
When he leaves school, he drives the same two segments but in reverse order and the
opposite direction; that is, he drives 2 miles south, turns right, and drives 3 miles west. When
he arrives home from school, he is right where he started.

His route home “undoes” his route to school, leaving him where he began.

Ciprian D. Coman
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The Inverse of a Function HUDDERSHELD

The relationship between a function and its inverse function is similar to the relationship
between Fred’s route from home to school and his route from school to home.

We can obtain the equation of the inverse of the function y = f(x)
by interchanging the role of x and y in the equation of f

A
f(x):Zx—B y=2x—3
x=2y—3 -
Y x+ 3 =2 y=1=-
y+ 3 NI I g
5 Y >
7/ -3
.-"/ T
Yy + 3 §e ’Z
V= /
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DEFINITION

A function is a one-to-one function if every element in the range comes from
exactly one element in the domain.

Horizontal Line Test: If a horizontal line crosses the graph of a function in more than

one place, then the function is not a one-to-one function because
the points at which the horizontal line crosses the graph will be points
with the same y-coordinates, but different x-coordinates.

|
INVERSE FUNCTION NOTATION

If y = f(x) is a one-to-one function, then the inverse of f is also a function and can
be denoted by y = £~ !(x).
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Horizontal Line Test HUDDERSHELD

b.
d y gt
A
- = X
c— > X / \
Y Y
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The “cancellation” identities
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f:A—-B

A

DOMAIN
y=f)
x=f71)
@) =x —
forall x in A f(f_l(y)) =y
, l/ forall y in B

can be used as a check that the inverse
function found is the correct one
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9 8 October 2020

Ciprian D. Coman



§
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A

SIN
2 2 ] 2 v 2 v do NOT satisfy

the horizontal line test

f COS /

} f
3 T
-1+
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The TAN graph ey

HUDDERSFIELD
-1'._.*
| V= tan x |
I I
I I
I I
I I
I I
I I
I I
I F— x
3 . 5
| |
I I
I I
I I
I I
does NOT satisfy

the horizontal line test
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To find the inverse “rule” for y = sin(x) , we interchange x and y:

x = sin(y)
This is the equation of the inverse sine “rule”.

For every value of x in the domain, there
are many values of y. The graph of

x = sin(y)

fails the vertical line test.
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The Inverse Sine Function HUDDERSHELD

y y
restriction A
T oo I
—T 1 ‘ — T #1—."—
- B " i ——
oy . .
1 Y = sin 1."2-..___‘ restriction
X =sin’ -
g x| s Eex<X
| 2T 2 2
] | f— X } } > X
v 3] -~ £ 1 1
"1 2 g '-42-..,,_
iy
\ / ~
\ / _? T s
\#) _‘.-*"'#
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The Inverse Sine Function HUDDERSFIELD

= ]
NOTATION

The notation used to indicate the inverse sine function is as follows:

Notation Meaning

y=sin"'x or y=arcsinx x=siny and S =y= il
2 2

In words: y 1s the angle between —7/2 and 7r/2. inclusive, whose sine 1s x.

| sin™!:[-1,1] - [—E z
B 2’2

L sin(sin‘l(x)) = X forall —-1<x<1

£J
2
Ql
/‘\
T K = X
T

2 Sin_l(sin(y)) =y only for % < y < %

The inverse sine function will return
an angle between —7r/2 and 7/2,
inclusive, corresponding to QIV Ciprian D. Coman
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The Inverse Cosine Function (l) HUDDERSHELD

y
‘l.‘!'
e A o _
y=Cosx | restriction A
- = -
11 'r O<x<rmw I’ 27T 4 J
-
' ! N Jo="x=cosy
\ ! ! e
\ I ! T T4
\ ! ! \ restriction
\ I ! :
\ 1 ’F O<sysaxw
——— — R B N
2 [ S | r I 2 ' o
] I : -1 _'.-h"' 1
\ ! -1
] ] '.F -
i ] ! A
\ ' S
\ ! f ~o
‘ F I ™~ "h-.‘_
N/ ! ~o
1T 2+ ‘
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The Inverse Cosine Function (ll)
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NOTATION
The notation used to indicate the inverse cosine function is as follows:
Notation Meaning
y=cos_lx Or y = arccos x x=cosy and O0=y=n7
In words: y is the angle between 0 and 77, inclusive, whose cosine is x.
y
x cos™1:[-1,1] - [0, m]
2 ¢ ) )
QII _\\Q]
! - _1 —_—
x \/0 x cos(cos (x)) =X forall —-1<x<1
-z cos 1(cos(y)) =y onlyfor 0<y<m

The inverse cosine function will
return an angle between 0 and 7,

inclusive, corresponding to QI
or QIL.
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The Inverse Tangent Function
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V  restriction v
A T T A
y=tan x 9 2 i
Il il I 1 --“‘" Y =tany
il Il | il - - .
i 1 | 1 St -/ 2 N —
i1 11 | Il -
11 I | 1| T
I I | I ="
rl 1| | N —— - T
I I | ' -t ——=
,’ | f: | | ’: |
¢ > x ——— >
‘}. f T T ) 3?{ ff T restriction —? < _". < ?
2/ 2 2/ >+ TTTTTT 2 Coo======
|1 | | |: -~
|1 | |1 | A
|1 | |1 | ! e’
L ' I K smmmm= " |
1 | ¥ | [E———
L | L k 2| _a--
I | |1 | 1™
| * | E !
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Inverse Tangent Function (ll) HUDDERSFIELD

: |
NOTATION

The notation used to indicate the inverse tangent function is as follows:

Notation Meaning

—1 w o
y= tan x or y= arctan x X = fan y and —7 < y < 7

) et

In words: y 1s the angle between —7/2 and 7/2 whose tangent is x.

£.IL 1 T[
2 tan R - (— —,—)
T ‘\?] - X
-, QIV ’ tan(tan_l(x)) =X for all real numbers x
/4 -1 T T
= tan” (tan(y)) =y only for <y <3

The inverse tangent function will
return an angle between —7/2 and
7r/2, corresponding to QIV or QL.
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- = -
INVERSE TRIGONOMETRIC FUNCTIONS
Rk = ‘
Inverse Sine Inverse Cosine Inverse Tangent
y = sin”! x = arcsin x y = cos” ' x = arccos x y = tan” ' x = arctan x
y y y
A A A
i N Vi S
2 2
on —+— ——— x
—1 —3 3
] 4
2 2
Domain: —1 =x =1 Domain: —1 =x =1 Domain: all real numbers
T ™ ™ ™
Range: — =y= — Range: 0 =y=7 Range: — <y < —
5 y 5 g y g ) Y )
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Examples HUDDERSHIFLD
D Glalde @ sin'(5) O (<Z) @ tan” (1)

V\Je Knom/ ({ee M)e no‘/feg ;fme IodeeeK) : SlhéI :Z:I-

Alsr, s fsin(y) =y for ’-z"'sﬂg \

LT —> Cin”! (sm (g)~12_ > EW. (12,)# T \
¢

(68 =g__=> Cos(TfHGI):.-_E_,_) q,;(%,z_uff

—

2- 2
[os(T+d=- w8x] o5 (s (=y for o<y
Bt 0< E(Lgﬂ'\ so (5 1(605(5%_7)):%@: :)(;J lg): _Z_JTJ
V3
>
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Examples HUDDERSFIBLD
-lan (]t) | (-From 'MT Week)

-l:an ( )—__I_ [SlnCe, an ) __'tan X ](of all x_]
Nlse an~" (Lan _ —
e ooy S Ty <k

0. Colodate: cos™!(~1)

From ,ad' WeeK (os IL :_/_
3 2.
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Examples HUDDERSFIELD
“’ﬂ@/{((‘a)):j for 0<y<T
OSLLCT  Hence, (o ™(eos (2)) = 2 = J @54(4); Z/LT]
3 St 2)” 3
=

BN

E, Galewlate:  fon™! (,- \/?)
tan (g) =3 (ﬁOm last Week) fon™" ({M (—E); -1

J >/ :DG - : =
don D)= - (3 / a0 (’\/—3’)?'/31}
(3 tan' (o () =y for all ~Foy<
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Trigonometric equations HUDDERSFIELD

A trigonometric equation is simply an equation that contains one or
several trigonometric functions.

Examples: most trig equations can be reduceh
to several basic types:

2sin’@ +2sinf—1=0.

sing = A
cosx —2sinxcosx =10
or
(2c059+\/§}(2c059+1}=0 cost =4
V3tanf —2sinftanh =0 or

k tanf = A /

School of Computing and Engineering Ciprian D. Coman
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Particular case: A=0

§
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(a). sinfd =0 0=kr (ke€Z)
(b). costO@H:g--i-kﬁ (k € Z)
(c). tan0 =0 0=knr (k€Z)

-

UNIT

CIRCLE
cos 6

.-'I_\.
b
—
p—
=

sin @

=
|




§

The general case: HUDDERSHELD

(a). sinf =sina< 0 =a+2krorm—a+2knr (k€Z)
(b). cos@ =cosae0=a+2kror —a+2kn (ke€Z)
(c). tanf =tana < 0 =a+kr (k€ Z)

OBS. ltis possible to simplify the expression of 8 on the first line above:

0= (—D*a +kn fork € Z

The expression of 8 on the second line can be also abbreviated:

0 = ta+ 2kn fork € Z

School of Computing and Engineering Ciprian D. Coman
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Trig equations: examples HUDDRRSFTALD
OBS. | sin0= A has selikions euly I |AJ<) ok IS A<
os9 = A L —I< A<
K

Ging=f = 9= (o) sin” (A)+ KT K=0 #1232,
5in (Sl‘n"(A\)

(oS0 = & 2 0: T ()oK K=o 2042, . .
coc (cog”" (RR)

MO&J—_ TO Sol\/o vtf\tjonomd‘n‘c ?ZM_ b\/leuiu /L,LW_ {o /),Uy,e/
G Wnolem%md@ of the inverse frig fuadhions.
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i I . University of
Trig equations: examples L ety of
1) SinR8) +VZ es0 = 0 ©O€6 €l
Z \ wanf Igoluﬁoﬂf
Sinf cen @ in this rang e
@0 (2 5hp +JE);O
S T
(0 = ¢ R Lsiheg v = o
- Sing — — V=
V >
p=1 3L O =5, #T
2 | 2 4 4

oﬂﬂh %'y‘an ejn_ has U solcdions 1, the range 0< €2l
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Trig equations: examples HUDDERSFIELD
e 0 = < oL 2T

0. @20 + 3600 =2 Loy |
-28170 “H s Ty it Ab=0C

then

1sln19/3$fne+(—‘0 (X:Q'n@
2 X" - 3X+|=0 = ZuaJrah‘c

FA)(r)=0 = 2sihe 1) (smo 1) =o

T

A=o R B=O

245“09"‘:0 ;iﬂ?:/
{In@:— ,’_ 9: —I
. Z
=T &7
c 't OBS . Original . has
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Trig equations: examples

§

University of
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I@. 51‘0(29-%): (3

=

@ 20-5T _ ()T, k7

‘\]C fnJ a“ §6/u41‘0/1f

K=9,4[ 22, .

|g 3 a
20 = 5T 4 ()W 4 KT
|8 3
K=euen — K=2m 2051 L 0L 2mT = 20= 1T !/v oI
. I +
=0 1| 4
K= \91} 2K=2
C’ m+ | 6= 51 T— 'n'_'l,zm—r' =) 26 = [?/T L 2mT
= 13-7'\ +m7r M =0 f
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Trig equations: examples HUDDERSFIELD

IJC T wab M) solutions prreffeJ in G’%" ees, The an_vi ous rsulds become.:
0 =551 30 m M= 041 to .

&nd . )
9-:85 + 120/m M - O/ i’} ..4:2})

Py

_QJQ, T this Module We week wilth anj/es in [RADIBNS
(ﬂi oleN,@S)
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Learning Resources HUDDERSFIELD

K.A. Stroud and D.J. Booth: Engineering Mathematics, (71" Edition), pp. 296 -- 303
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31 9 October 2020


https://www.mathtutor.ac.uk/trigonometry/trigequations/

	Structure Bookmarks
	Slide
	Span
	Figure
	Figure
	Figure
	NFM2106/NFE2105Mathematics
	NFM2106/NFE2105Mathematics

	Further Trigonometry
	Further Trigonometry
	(inverse trig functions + trig eqns.)


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Outline
	Outline

	Inverse functions (see Week 1 as well)
	Inverse functions (see Week 1 as well)
	Inverse functions (see Week 1 as well)
	Inverse functions (see Week 1 as well)


	Inverse Trigonometric functions
	Inverse Trigonometric functions
	Inverse Trigonometric functions


	Trigonometric equations
	Trigonometric equations
	Trigonometric equations




	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Functions (see Week 1)
	Functions (see Week 1)

	Figure
	Figure
	Figure
	EXAMPLE:
	EXAMPLE:

	ANSWER:
	ANSWER:


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Functions (Vertical Line Test)
	Functions (Vertical Line Test)

	Figure
	Figure
	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse of a Function
	The Inverse of a Function

	Figure
	To get to his school, Fred drives 3 miles east and then turns left and drives 2 miles north.
	To get to his school, Fred drives 3 miles east and then turns left and drives 2 miles north.
	When he leaves school, he drives the same two segments but in reverse order and the
	opposite direction; that is, he drives 2 miles south, turns right, and drives 3 miles west.When 
	he arrives home from school, he is right where he started. 
	His route home “undoes” his route to school, leaving him where he began.


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse of a Function
	The Inverse of a Function

	The relationship between a function and its inverse function is similar to the relationship
	The relationship between a function and its inverse function is similar to the relationship
	between Fred’s route from home to school and his route from school to home.

	Figure
	We can obtain the equation of the inverse of the function y = f(x) 
	We can obtain the equation of the inverse of the function y = f(x) 
	by interchanging the role of xand yin the equation of f

	𝑓𝑥=2𝑥−3
	𝑓𝑥=2𝑥−3

	𝑦=2𝑥−3
	𝑦=2𝑥−3

	𝑥=2𝑦−3
	𝑥=2𝑦−3

	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	One-to-One Functions
	One-to-One Functions

	Figure
	Figure
	Horizontal Line Test: If a horizontal line crosses the graph of a function in more  than
	Horizontal Line Test: If a horizontal line crosses the graph of a function in more  than
	one place, then the function is not a one-to-one function because
	the points at which the horizontal line crosses the graph will be points
	with the same y-coordinates, but different x-coordinates. 


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Horizontal Line Test
	Horizontal Line Test

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The “cancellation” identities
	The “cancellation” identities

	Figure
	Figure
	Figure
	Figure
	Figure
	𝑦=𝑓(𝑥)
	𝑦=𝑓(𝑥)

	𝑥
	𝑥

	𝑦
	𝑦

	𝐴
	𝐴

	𝐵
	𝐵

	Figure
	𝑥=𝑓−1(𝑦)
	𝑥=𝑓−1(𝑦)

	𝑓𝑓−1𝑦=𝑦
	𝑓𝑓−1𝑦=𝑦

	𝑓−1𝑓𝑥=𝑥
	𝑓−1𝑓𝑥=𝑥

	for all 𝑥in 𝐴
	for all 𝑥in 𝐴

	for all 𝑦in 𝐵
	for all 𝑦in 𝐵

	Figure
	Figure
	can be used as a checkthat the inverse
	can be used as a checkthat the inverse
	function found is the correct one

	RANGE
	RANGE

	DOMAIN
	DOMAIN

	𝑓:𝐴→𝐵
	𝑓:𝐴→𝐵


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The SINand COSgraphs
	The SINand COSgraphs

	Figure
	Figure
	SIN
	SIN

	COS
	COS

	Figure
	Figure
	do NOTsatisfy 
	do NOTsatisfy 
	the horizontal line test 


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The TANgraph
	The TANgraph

	Figure
	does NOTsatisfy 
	does NOTsatisfy 
	the horizontal line test 


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The invereSINE“rule”
	The invereSINE“rule”

	Figure
	To find the inverse “rule” for 𝑦=sin𝑥,we interchange 𝑥and 𝑦:
	To find the inverse “rule” for 𝑦=sin𝑥,we interchange 𝑥and 𝑦:

	𝑥=sin(𝑦)
	𝑥=sin(𝑦)

	This is the equation of the inverse sine “rule”.
	This is the equation of the inverse sine “rule”.

	For every value of 𝑥in the domain, there
	For every value of 𝑥in the domain, there
	are many values of 𝑦. The graph of 

	𝑥=sin(𝑦)
	𝑥=sin(𝑦)

	fails the vertical line test.
	fails the vertical line test.


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse SineFunction
	The Inverse SineFunction

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Figure
	The Inverse Sine Function
	The Inverse Sine Function

	Figure
	𝑠𝑖𝑛−1∶[−1,1]→−𝜋2,𝜋2
	𝑠𝑖𝑛−1∶[−1,1]→−𝜋2,𝜋2

	sin𝑠𝑖𝑛−1𝑥=𝑥
	sin𝑠𝑖𝑛−1𝑥=𝑥

	𝑠𝑖𝑛−1sin𝑦=𝑦
	𝑠𝑖𝑛−1sin𝑦=𝑦

	for all −1≤𝑥≤1
	for all −1≤𝑥≤1

	onlyfor     𝜋2≤𝑦≤𝜋2
	onlyfor     𝜋2≤𝑦≤𝜋2


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse CosineFunction (I)
	The Inverse CosineFunction (I)

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse CosineFunction (II)
	The Inverse CosineFunction (II)

	Figure
	Figure
	𝑐𝑜𝑠−1∶[−1,1]→0,𝜋
	𝑐𝑜𝑠−1∶[−1,1]→0,𝜋

	cos𝑐𝑜𝑠−1𝑥=𝑥
	cos𝑐𝑜𝑠−1𝑥=𝑥

	𝑐𝑜𝑠−1cos𝑦=𝑦
	𝑐𝑜𝑠−1cos𝑦=𝑦

	for all −1≤𝑥≤1
	for all −1≤𝑥≤1

	onlyfor     0≤𝑦≤𝜋
	onlyfor     0≤𝑦≤𝜋


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse TangentFunction
	The Inverse TangentFunction

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Figure
	Inverse TangentFunction (II)
	Inverse TangentFunction (II)

	Figure
	𝑡𝑎𝑛−1∶ℝ→−𝜋2,𝜋2
	𝑡𝑎𝑛−1∶ℝ→−𝜋2,𝜋2

	tan𝑡𝑎𝑛−1𝑥=𝑥
	tan𝑡𝑎𝑛−1𝑥=𝑥

	𝑡𝑎𝑛−1tan𝑦=𝑦
	𝑡𝑎𝑛−1tan𝑦=𝑦

	for all real numbers 𝑥
	for all real numbers 𝑥

	onlyfor     𝜋2<𝑦<𝜋2
	onlyfor     𝜋2<𝑦<𝜋2


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Summary
	Summary

	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Examples
	Examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Examples
	Examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Examples
	Examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Figure
	Trigonometric equations
	Trigonometric equations

	A trigonometric equation is simply an equation that contains one or 
	A trigonometric equation is simply an equation that contains one or 
	several trigonometric functions.
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	It is possible to simplify the expression of 𝜃on the first line above:  
	It is possible to simplify the expression of 𝜃on the first line above:  
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	The expression of 𝜃on the second line can be also abbreviated:  
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	𝜃=±𝛼+2𝑘𝜋
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	NOTE: The last trigonometry instalment will arrive next week; it will cover 
	NOTE: The last trigonometry instalment will arrive next week; it will cover 
	applications to simple harmonic motion (amplitude, phase difference, 
	frequency).  






