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 Inverse functions (see Week 1 as well)

 Inverse Trigonometric functions

 Trigonometric equations
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EXAMPLE:

ANSWER:
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The Inverse of a Function
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To get to his school, Fred drives 3 miles east and then turns left and drives 2 miles north.

When he leaves school, he drives the same two segments but in reverse order and the

opposite direction; that is, he drives 2 miles south, turns right, and drives 3 miles west. When 

he arrives home from school, he is right where he started. 

His route home “undoes” his route to school, leaving him where he began.
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The Inverse of a Function

6 8 October 2020

The relationship between a function and its inverse function is similar to the relationship

between Fred’s route from home to school and his route from school to home.

We can obtain the equation of the inverse of the function y = f(x) 

by interchanging the role of x and y in the equation of f

𝑓 𝑥 = 2𝑥 − 3 𝑦 = 2𝑥 − 3

𝑥 = 2𝑦 − 3
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One-to-One Functions
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Horizontal Line Test: If a horizontal line crosses the graph of a function in more  than

one place, then the function is not a one-to-one function because

the points at which the horizontal line crosses the graph will be points

with the same y-coordinates, but different x-coordinates. 
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The “cancellation” identities
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𝑦 = 𝑓(𝑥)𝑥 𝑦

𝐴 𝐵

𝑥 = 𝑓−1(𝑦)

𝑓 𝑓−1 𝑦 = 𝑦

𝑓−1 𝑓 𝑥 = 𝑥

for all 𝑥 in 𝐴

for all 𝑦 in 𝐵
can be used as a check that the inverse

function found is the correct one

RANGE

DOMAIN

𝑓: 𝐴 → 𝐵
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The SIN and COS graphs
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SIN

COS

do NOT satisfy 

the horizontal line test 
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The TAN graph
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does NOT satisfy 

the horizontal line test 
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The invere SINE “rule”
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To find the inverse “rule” for 𝑦 = sin 𝑥 , we interchange 𝑥 and 𝑦:

𝑥 = sin(𝑦)

This is the equation of the inverse sine “rule”.

For every value of 𝑥 in the domain, there

are many values of 𝑦. The graph of 

𝑥 = sin(𝑦)

fails the vertical line test.
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The Inverse Sine Function
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The Inverse Sine Function
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𝑠𝑖𝑛−1 ∶ [−1, 1] → −
𝜋

2
,
𝜋

2

sin 𝑠𝑖𝑛−1 𝑥 = 𝑥

𝑠𝑖𝑛−1 sin 𝑦 = 𝑦

for all −1 ≤ 𝑥 ≤ 1

only for     
𝜋

2
≤ 𝑦 ≤

𝜋

2
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The Inverse Cosine Function (I)
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The Inverse Cosine Function (II)
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𝑐𝑜𝑠−1 ∶ [−1, 1] → 0, 𝜋

cos 𝑐𝑜𝑠−1 𝑥 = 𝑥

𝑐𝑜𝑠−1 cos 𝑦 = 𝑦

for all −1 ≤ 𝑥 ≤ 1

only for     0≤ 𝑦 ≤ 𝜋
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The Inverse Tangent Function
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Inverse Tangent Function (II)
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𝑡𝑎𝑛−1 ∶ ℝ → −
𝜋

2
,
𝜋

2

tan 𝑡𝑎𝑛−1 𝑥 = 𝑥

𝑡𝑎𝑛−1 tan 𝑦 = 𝑦

for all real numbers 𝑥

only for     
𝜋

2
< 𝑦 <

𝜋

2
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Summary
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Examples
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Examples
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Trigonometric equations
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A trigonometric equation is simply an equation that contains one or 

several trigonometric functions.

Examples: Most trig equations can be reduced

to several basic types:

sin 𝜃 = 𝐴

or

or

cos 𝜃 = 𝐴

tan 𝜃 = 𝐴
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Particular case: A = 0
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𝑥 = cos 𝜃

𝑦 = sin 𝜃

ℤ: 0,±1,±2,±3,… .

UNIT 

CIRCLE

𝑂
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The general case:

25 9 October 2020

OBS. It is possible to simplify the expression of 𝜃 on the first line above:  

𝜃 = (−1)𝑘𝛼 + 𝑘𝜋 for 𝑘 ∈ ℤ

The expression of 𝜃 on the second line can be also abbreviated:  

𝜃 = ±𝛼 + 2𝑘𝜋 for 𝑘 ∈ ℤ
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Trig equations: examples
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Trig equations: examples
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Trig equations: examples
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Trig equations: examples
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Trig equations: examples
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Learning Resources

31 9 October 2020

https://www.mathtutor.ac.uk/trigonometry/trigequations/

K.A. Stroud and D.J. Booth: Engineering Mathematics, (7th Edition), pp. 296 -- 303

NOTE: The last trigonometry instalment will arrive next week; it will cover 

applications to simple harmonic motion (amplitude, phase difference, 

frequency).  

https://www.mathtutor.ac.uk/trigonometry/trigequations/

	Structure Bookmarks
	Slide
	Span
	Figure
	Figure
	Figure
	NFM2106/NFE2105Mathematics
	NFM2106/NFE2105Mathematics

	Further Trigonometry
	Further Trigonometry
	(inverse trig functions + trig eqns.)


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Outline
	Outline

	Inverse functions (see Week 1 as well)
	Inverse functions (see Week 1 as well)
	Inverse functions (see Week 1 as well)
	Inverse functions (see Week 1 as well)


	Inverse Trigonometric functions
	Inverse Trigonometric functions
	Inverse Trigonometric functions


	Trigonometric equations
	Trigonometric equations
	Trigonometric equations




	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Functions (see Week 1)
	Functions (see Week 1)

	Figure
	Figure
	Figure
	EXAMPLE:
	EXAMPLE:

	ANSWER:
	ANSWER:


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Functions (Vertical Line Test)
	Functions (Vertical Line Test)

	Figure
	Figure
	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse of a Function
	The Inverse of a Function

	Figure
	To get to his school, Fred drives 3 miles east and then turns left and drives 2 miles north.
	To get to his school, Fred drives 3 miles east and then turns left and drives 2 miles north.
	When he leaves school, he drives the same two segments but in reverse order and the
	opposite direction; that is, he drives 2 miles south, turns right, and drives 3 miles west.When 
	he arrives home from school, he is right where he started. 
	His route home “undoes” his route to school, leaving him where he began.


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse of a Function
	The Inverse of a Function

	The relationship between a function and its inverse function is similar to the relationship
	The relationship between a function and its inverse function is similar to the relationship
	between Fred’s route from home to school and his route from school to home.

	Figure
	We can obtain the equation of the inverse of the function y = f(x) 
	We can obtain the equation of the inverse of the function y = f(x) 
	by interchanging the role of xand yin the equation of f

	𝑓𝑥=2𝑥−3
	𝑓𝑥=2𝑥−3

	𝑦=2𝑥−3
	𝑦=2𝑥−3

	𝑥=2𝑦−3
	𝑥=2𝑦−3

	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	One-to-One Functions
	One-to-One Functions

	Figure
	Figure
	Horizontal Line Test: If a horizontal line crosses the graph of a function in more  than
	Horizontal Line Test: If a horizontal line crosses the graph of a function in more  than
	one place, then the function is not a one-to-one function because
	the points at which the horizontal line crosses the graph will be points
	with the same y-coordinates, but different x-coordinates. 


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Horizontal Line Test
	Horizontal Line Test

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The “cancellation” identities
	The “cancellation” identities

	Figure
	Figure
	Figure
	Figure
	Figure
	𝑦=𝑓(𝑥)
	𝑦=𝑓(𝑥)

	𝑥
	𝑥

	𝑦
	𝑦

	𝐴
	𝐴

	𝐵
	𝐵

	Figure
	𝑥=𝑓−1(𝑦)
	𝑥=𝑓−1(𝑦)

	𝑓𝑓−1𝑦=𝑦
	𝑓𝑓−1𝑦=𝑦

	𝑓−1𝑓𝑥=𝑥
	𝑓−1𝑓𝑥=𝑥

	for all 𝑥in 𝐴
	for all 𝑥in 𝐴

	for all 𝑦in 𝐵
	for all 𝑦in 𝐵

	Figure
	Figure
	can be used as a checkthat the inverse
	can be used as a checkthat the inverse
	function found is the correct one

	RANGE
	RANGE

	DOMAIN
	DOMAIN

	𝑓:𝐴→𝐵
	𝑓:𝐴→𝐵


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The SINand COSgraphs
	The SINand COSgraphs

	Figure
	Figure
	SIN
	SIN

	COS
	COS

	Figure
	Figure
	do NOTsatisfy 
	do NOTsatisfy 
	the horizontal line test 


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The TANgraph
	The TANgraph

	Figure
	does NOTsatisfy 
	does NOTsatisfy 
	the horizontal line test 


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The invereSINE“rule”
	The invereSINE“rule”

	Figure
	To find the inverse “rule” for 𝑦=sin𝑥,we interchange 𝑥and 𝑦:
	To find the inverse “rule” for 𝑦=sin𝑥,we interchange 𝑥and 𝑦:

	𝑥=sin(𝑦)
	𝑥=sin(𝑦)

	This is the equation of the inverse sine “rule”.
	This is the equation of the inverse sine “rule”.

	For every value of 𝑥in the domain, there
	For every value of 𝑥in the domain, there
	are many values of 𝑦. The graph of 

	𝑥=sin(𝑦)
	𝑥=sin(𝑦)

	fails the vertical line test.
	fails the vertical line test.


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse SineFunction
	The Inverse SineFunction

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Figure
	The Inverse Sine Function
	The Inverse Sine Function

	Figure
	𝑠𝑖𝑛−1∶[−1,1]→−𝜋2,𝜋2
	𝑠𝑖𝑛−1∶[−1,1]→−𝜋2,𝜋2

	sin𝑠𝑖𝑛−1𝑥=𝑥
	sin𝑠𝑖𝑛−1𝑥=𝑥

	𝑠𝑖𝑛−1sin𝑦=𝑦
	𝑠𝑖𝑛−1sin𝑦=𝑦

	for all −1≤𝑥≤1
	for all −1≤𝑥≤1

	onlyfor     𝜋2≤𝑦≤𝜋2
	onlyfor     𝜋2≤𝑦≤𝜋2


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse CosineFunction (I)
	The Inverse CosineFunction (I)

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse CosineFunction (II)
	The Inverse CosineFunction (II)

	Figure
	Figure
	𝑐𝑜𝑠−1∶[−1,1]→0,𝜋
	𝑐𝑜𝑠−1∶[−1,1]→0,𝜋

	cos𝑐𝑜𝑠−1𝑥=𝑥
	cos𝑐𝑜𝑠−1𝑥=𝑥

	𝑐𝑜𝑠−1cos𝑦=𝑦
	𝑐𝑜𝑠−1cos𝑦=𝑦

	for all −1≤𝑥≤1
	for all −1≤𝑥≤1

	onlyfor     0≤𝑦≤𝜋
	onlyfor     0≤𝑦≤𝜋


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The Inverse TangentFunction
	The Inverse TangentFunction

	Figure
	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Figure
	Inverse TangentFunction (II)
	Inverse TangentFunction (II)

	Figure
	𝑡𝑎𝑛−1∶ℝ→−𝜋2,𝜋2
	𝑡𝑎𝑛−1∶ℝ→−𝜋2,𝜋2

	tan𝑡𝑎𝑛−1𝑥=𝑥
	tan𝑡𝑎𝑛−1𝑥=𝑥

	𝑡𝑎𝑛−1tan𝑦=𝑦
	𝑡𝑎𝑛−1tan𝑦=𝑦

	for all real numbers 𝑥
	for all real numbers 𝑥

	onlyfor     𝜋2<𝑦<𝜋2
	onlyfor     𝜋2<𝑦<𝜋2


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Summary
	Summary

	Figure

	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Examples
	Examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Examples
	Examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Examples
	Examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Figure
	Trigonometric equations
	Trigonometric equations

	A trigonometric equation is simply an equation that contains one or 
	A trigonometric equation is simply an equation that contains one or 
	several trigonometric functions.

	Examples:
	Examples:

	Figure
	Figure
	Figure
	Most trig equations can be reduced
	Most trig equations can be reduced
	to several basic types:

	sin𝜃=𝐴
	sin𝜃=𝐴

	or
	or

	or
	or

	cos𝜃=𝐴
	cos𝜃=𝐴

	tan𝜃=𝐴
	tan𝜃=𝐴


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Particular case: A = 0
	Particular case: A = 0

	Figure
	Figure
	Figure
	𝑥=cos𝜃
	𝑥=cos𝜃

	𝑦=sin𝜃
	𝑦=sin𝜃

	Figure
	ℤ:0,±1,±2,±3,….
	ℤ:0,±1,±2,±3,….

	UNIT 
	UNIT 
	CIRCLE

	𝑂
	𝑂


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	The general case:
	The general case:

	Figure
	Figure
	OBS.
	OBS.

	It is possible to simplify the expression of 𝜃on the first line above:  
	It is possible to simplify the expression of 𝜃on the first line above:  

	𝜃=(−1)𝑘𝛼+𝑘𝜋
	𝜃=(−1)𝑘𝛼+𝑘𝜋

	for 𝑘∈ℤ
	for 𝑘∈ℤ

	The expression of 𝜃on the second line can be also abbreviated:  
	The expression of 𝜃on the second line can be also abbreviated:  

	𝜃=±𝛼+2𝑘𝜋
	𝜃=±𝛼+2𝑘𝜋

	for 𝑘∈ℤ
	for 𝑘∈ℤ


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Trig equations: examples
	Trig equations: examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Trig equations: examples
	Trig equations: examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Trig equations: examples
	Trig equations: examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Trig equations: examples
	Trig equations: examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Trig equations: examples
	Trig equations: examples


	Slide
	Figure
	Figure
	School of Computing and Engineering
	School of Computing and Engineering

	Ciprian D. Coman
	Ciprian D. Coman

	Figure
	Learning Resources
	Learning Resources

	https://www.mathtutor.ac.uk/trigonometry/trigequations/
	https://www.mathtutor.ac.uk/trigonometry/trigequations/
	https://www.mathtutor.ac.uk/trigonometry/trigequations/
	https://www.mathtutor.ac.uk/trigonometry/trigequations/



	K.A. Stroud and D.J. Booth: Engineering Mathematics, (7thEdition), pp. 296 --303
	K.A. Stroud and D.J. Booth: Engineering Mathematics, (7thEdition), pp. 296 --303

	NOTE: The last trigonometry instalment will arrive next week; it will cover 
	NOTE: The last trigonometry instalment will arrive next week; it will cover 
	applications to simple harmonic motion (amplitude, phase difference, 
	frequency).  






