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OUTLINE

❖Motivation, historical facts, etc

❖Definition of the concept of matrix

❖Operations with matrices 
     (addition, subtraction, scalar multiplication, matrix multiplication)

❖Determinants



ቐ

𝑥 − 2𝑦 + 3𝑧 = 9
−𝑥 + 3𝑦 = −4

2𝑥 − 5𝑦 + 5𝑧 = 17

𝐴𝑋 = 𝑏 𝑋 = 𝐴−1𝑏

𝐴, 𝑋, 𝑏
new 

mathematical
objects 

MOTIVATION

5𝑥 = 2 ⟹ 𝑥 =
2

5
=

1

5
× 2 =  5−1 × 2 =  (5−1)(2)

ASIDE:

We need to introduce new mathematical objects → MATRICES



Historical information

A. Cayley (1821-1895)J.J. Sylvester (1814-1897)

❑ First: the Chinese (Han 
Dynasty, 200-100 B.C.)

❑ “Official” birth date: 
around 1850



Kirchhoff’s first + second laws
Ohm’s law

(3 simultaneous equations in 3 unknowns)

Applications (electrical engineering)



Applications (mechanical engineering)



(computer package/programming language)

MATrix LABoratory



Finite Element Analysis (FEA)

❑modern computational method

❑ boils down to solving a large 
linear system of simultaneous 
equations



Matrix → RECTANGULAR array of numbers

1 4
3 7

0 23
4 7

11 −1

6 2 −4
9 2 13

−14 5 1

2
6

12

0 0 8
9 0.23

19.5 0
99 −2.67

2 × 2

3 × 1

1 × 3

3 × 2

3 × 2 3 × 3



NOTATION:



MATRIX ADDITION:

2𝑥2 2𝑥2 2𝑥2

2𝑥3 2𝑥3 2𝑥3







YOUR TURN! The matrix 𝑋 that solves the equation  −𝑋 + 3𝐴 = 3𝑋 − 𝐵,  where
  

 A =
 2 3
0 12

       and   B =
 6 −1
4  0

 ,

is:

a).    
 0 14
−1 6

              b). 
 3 9
1 27

              c). 
 3 2
1 9

              d).  
 −1 9
 7 28

 

(6 minutes)

Code: COMAN862



Solution

The matrix 𝑋  that solves the equation     −𝑋 + 3𝐴 = 3𝑋 − 𝐵,  where
  

 A =
 2 3
0 12

       and   B =
 6 −1
4  0

 ,

is given by:

a).    
 0 14
−1 6

              b). 
 3 9
1 27

              c). 
 3 2
1 9

              d).  
 −1 9
 7 28

 

−𝑋 + 3𝐴 = 3𝑋 − 𝐵 ⟹  3𝐴 + 𝐵 = 𝑋 + 3𝑋 ⟹  3𝐴 + 𝐵 = 4𝑋 ⟹  𝑋 =
1

4
(3𝐴 + 𝐵) 

𝑋 =
1

4
3

 2 3
0 12

+
 6 −1
4  0

=
1

4

 6 9
0 36

+
 6 −1
4  0

=
1

4

 12 8
4  36

= ….



THE TRANSPOSE OF A MATRIX:

The transpose of a matrix is formed by writing its rows as columns:

 𝑅1⟷ 𝐶1,  𝑅2 ⟷ 𝐶2, 𝑅3⟷ 𝐶3,      etc

𝐴 =
1
2
3

𝐴𝑇 = ?

𝐵 =
1 8
0 1
3 9

 𝐵𝑇 =? 

𝐶 =
2 1 3
1 7 0
0 5 6

𝐶𝑇 = ?



THE TRANSPOSE OF A MATRIX:

The transpose of a matrix is formed by writing its rows as columns:

 𝑅1⟷ 𝐶1,  𝑅2 ⟷ 𝐶2, 𝑅3⟷ 𝐶3,      etc

𝐴 =
1
2
3

𝐴𝑇 = 1 2 3

𝐵 =
1 8
0 1
3 9

 𝐵𝑇 =
1 0 3
8 1 9

𝐶 =
2 1 3
1 7 0
0 5 6

𝐶𝑇 =
2 1 0
1 7 5
3 0 6



MATRIX MULTIPLICATION

= ROWS?

COLUMNS?
𝐴 𝐵

RECTANGULAR
MATRICES



MATRIX MULTIPLICATION (general idea):

= ROWS?

COLUMNS?
𝐴 𝐵

RECTANGULAR
MATRICES



MATRIX MULTIPLICATION (particular case):

𝐴 =  [𝑎1 𝑎2 𝑎3 𝑎4 𝑎5] 𝐵 =

𝑏1

𝑏2

𝑏3

𝑏4

𝑏5

𝐴𝐵 =  𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3 + 𝑎4𝑏4 + 𝑎5𝑏5

The product of 𝐴 and 𝐵 in this case is defined to be: 

We shall refer to this  as the dot product of a row and a column.
Note that this operation makes sense only as long as we have the same number of elements
in both matrices.

this operation works also 
when the two matrices
have an arbitrary number 
of elements

ROW (1 × 5)

COLUMN (5 × 1)



MATRIX MULTIPLICATION (further restrictions):

= ROWS = 𝒎

COLUMNS = 𝒑

𝑚 × 𝑛 𝑛 × 𝑝



3𝑥2
2𝑥2

3𝑥2
2𝑥2

3𝑥2





YOUR TURN!
(6 minutes)

Consider the following matrices:   𝐴 =
3 1
1 0
0 2

,    𝐵 =
33 11
22 55

,       𝐶 =
1 2 3
5 9 0

.

Which of the following matrices is NOT defined:

a). 𝐶𝐴 − 𝐵𝐵 

c). 𝐵𝐶 − 𝐴𝑇 
 

d). 𝐶𝐴 − 𝐴𝐶 

b). 𝐶𝑇 − 𝐴𝐵

Code: COMAN862



Solution

Consider the following matrices:   𝐴 =
3 1
1 0
0 2

,    𝐵 =
33 11
22 55

,       𝐶 =
1 2 3
5 9 0

Which of the following matrices is NOT defined:

a). 𝐶𝐴 − 𝐵𝐵 b). 𝐶𝑇 − 𝐴𝐵 c). 𝐵𝐶 − 𝐴𝑇 d). 𝐶𝐴 − 𝐴𝐶 

3 × 2
2 × 2 2 × 3

2 × 2 − 2 × 2 3 × 2 − 3 × 2 2 × 3 − 2 × 3 2 × 2 − 3 × 3 

not of the same size!



THE IDENTITY MATRIX:

2−1 ∙ 2 = 1 23−1 ∙ 23 = 1

The inverse of a (square) matrix 𝐴  is denoted by 𝐴−1 and has the property that 

𝐴𝐴−1 = 𝐴−1𝐴 = 𝐼

𝐼 =
1 0
0 1

𝐼 =
1 0 0
0 1 0
0 0 1

2 × 2
3 × 3

identity matrix

ETC.

For numbers:



THE IDENTITY MATRIX:



ቐ

 1𝑥 − 2𝑦 + 3𝑧 =  9
−1𝑥 + 3𝑦 + 0𝑧 = −4
 2𝑥 − 5𝑦 + 5𝑧 = 17

𝐴𝑋 = 𝑏 𝑋 = 𝐴−1𝑏

Back to the start…

 1 −2  3
−1  3  0
 2 −5  5

𝑥
𝑦
𝑧

 9
−4
 17

=

𝐴 𝑋 𝑏

3 × 3 3 × 1 3 × 1

Under what conditions 
can we find 𝐴−1 ?  

Short answer: det(𝐴) ≠ 0



2 x 2 matrices:

An easy way for 
remembering:

Each square matrix A has a determinant, a real number denoted 
either by det(A) or 𝐴



Examples: Find the determinant of each matrix:



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 1
4 0

2 × 2
sub-matrix

the determinant of this is 
the MINOR of the highlighted element (5)

in the original matrix:

2 1
4 0

= (2)(0) – (4)(1) = 0-4 = -4



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 3
2 5

2 × 2 sub-matrix

2 3
2 5

= (2)(5) – (2)(3) = 10-6 = 4

pick this element
remove highlighted

row & column 



MINORS & COFACTORS

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

2 3
2 5

2 × 2
sub-matrix

2 3
2 5

= (2)(5) – (2)(3) = 10-6 = 4

Observation:
We can repeat this process for each element of the original matrix
(9 minors in total)



COFACTOR MINOR±

𝐶 =  (−1)𝑅𝑂𝑊 # +𝐶𝑂𝐿 # 𝑀

2 3 1
4 1 0
2 5 6

2 3 1
4 1 0
2 5 6

𝐶32 = (−1)3+2𝑀32 = −𝑀32 = − −4 = 4

𝐶23 = (−1)2+3𝑀23 = −𝑀23 = − 4 = −4



DETERMINANTS OF 𝟑 × 𝟑 MATRICES:

A = 

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

+
𝑎22 𝑎23

𝑎32 𝑎33
−

𝑎21 𝑎23

𝑎31 𝑎33
+

𝑎21 𝑎22

𝑎31 𝑎32

𝐶11 𝐶12 𝐶13



Example: 

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

𝑀11 =
−1 2
0 1

= −1

𝑀12 =
3 2
4 1

= −5

𝑀13 =
3 −1
4 0

= 4

𝐶11 = 𝑀11 = −1

𝐶11 = −𝑀12= 5

𝐶13 = 𝑀13 = 4

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



Example: 

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

0  2  1
3 −1  2
4  0  1

𝑀11 =
−1 2
0 1

= −1

𝑀12 =
3 2
4 1

= −5

𝑀13 =
3 −1
4 0

= 4

𝐶11 = 𝑀11 = −1

𝐶11 = −𝑀12= 5

𝐶13 = 𝑀13 = 4

= 0 −1 + 2 5 + 1 4 = 14

or   𝐝𝐞𝐭 𝑨 = 𝟏𝟒 

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13



YOUR TURN!

(10 minutes)

REMINDER: det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

The determinant of the above matrix is:

a). 0                  b). -6                   c). 6                       d). 12

C
o

d
e:

 C
O

M
A

N
8

6
2



Solution: 

1  2  3
4  5  6
7  8  9

𝑀11 =
5 6
8 9

= −3

𝑀12 =
4 6
7 9

= −6

𝑀13 =
4 5
7 8

= −3

𝐶11 = 𝑀11 = −3

𝐶11 = −𝑀12= 6

𝐶13 = 𝑀13 = −3

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

1  2  3
4  5  6
7  8  9

1  2  3
4  5  6
7  8  9



Solution:

1  2  3
4  5  6
7  8  9

𝑀11 =
5 6
8 9

= −3

𝑀12 =
4 6
7 9

= −6

𝑀13 =
4 5
7 8

= −3

𝐶11 = 𝑀11 = −3

𝐶11 = −𝑀12= 6

𝐶13 = 𝑀13 = −3

det 𝐴 =  𝑎11𝐶11 + 𝑎12𝐶12 + 𝑎13𝐶13

1  2  3
4  5  6
7  8  9

1  2  3
4  5  6
7  8  9

= 1 −3 + 2 6 + 3 −3 = 0

or   𝐝𝐞𝐭 𝑨 = 𝟎 



2x2 determinants as AREA: 

𝐴 =
𝑎 𝑏
𝑐 𝑑

𝒗 =
𝑎
𝑐

𝒖 =
𝑏
𝑑 𝑐

𝑑

𝑎 𝑏

det 𝐴 = area of parallelogram



Area of a triangle: 

1

2

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1



YOUR TURN!

(6 minutes)

Using the above formula, the area of the triangle with vertices

𝐴 2, 5 ,  𝐵 12,5 ,  𝐶(3, 7)

is            a). 24            b). 10           c). 36           d). 44 

1

2

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

C
o

d
e:

 C
O

M
A

N
8

6
2





THE ADJOINT OF A MATRIX:

UNIT 2



TRANSPOSE





• WE HAVE ALREADY CALCULATED 
                      THE ADJOINT FOR THIS
• THE DETERMINANTS IS 3


	Slide 1:    
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48

