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Mathematics 1X

Calculus Fxamples
1. SETS, NUMBERS, INEQUALITIES

1. For each of the following pairs of sets A and B, find AN B:
(a) A= (—o00,—3)UI5,00), B=(—00,—1)UI[2,9);

(b) A= (—00,-5)U[-2,1)U[3,7], B=(—00,—4]U(~2,2)U[4,00);

(d) A= (—00,—3]U(1,6]U(9,00), B=[-6,—5)U(-2,2)U (4,10].

Questions 2 through 8 are meant to provide familiarity with the set-builder notation.

Most of them require very little time to solve.

2. Find the sets A and B such that the following conditions are true:
e AUB={reN:z <11},
e ANB={zxeN:7<z <10},
e B\ A=1{4,5,6,11}.

3. The same question as above if the conditions the two sets must satisfy are changed
to:

e AUB={xeN:z <09},
e B\A={reN:4 <z <8}
e {3,9}NB =0,
« ANB={1}.
4. Given that A = {z € N: z <5}, find all subsets B C A such that BN{1,2,3} # 0.
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5. Let A =1{1,3,5,7} and B = {5,7,8,9}. Find the set X which has 4 elements and
satisfies the following conditions:

o (A\X)U(X\B)={1,3},
e {39} C .

6. Give an example of three sets A, B and C such that
AcCBUC, Bc AuC, Cc AUB.
7. Find the sets A, B and C such that the following conditions are simultaneously met:
e ANB=8BnNC={2,3},
e A\C=1{1,4,6},
e B\C={5,7,9},

e AUBUC={reN:x <9}

8. Solve the equation
{a,b} UX ={a,b,c} N X,

where a, b, ¢ € R are given distinct numbers, and X is a set which you must find.

9. Solve the following inequalities expressing your answer as union of intervals:

1 1 1 1 xz+3
- >0, (b < : T2 .
S R b 3525 Y3priess
x+4 2 1 1 1 1
d < : _ < .
()x—Q r+1’ (e>x+1 r - rx—1 x-2
(f)xQ—x+1+x2—3x+l>2 1 (@) 1 N 1 N 1 N 1 -
r— .
r—1 v—3 -8 Y ays5 z-7 ' z-5 z+7
1 1 1 1 422
W o ——>4(e—=): (i < L6 2 <5.
(b) = 3 (x x)’ ) ?4+ax T 222 +22+3 (J)x+(a:—2)2_
10. Find the solution of the following inequalities:
2 2 -3 2 —dr+4 |z —2|
<1 b >‘ ; < 12;
(&) |z +2] — ()|x—2| 2r —1 (©) x2—6x+9+|x—3|
(d) |z =1 +2z <zl;  (e) |2* — 4] < [2* — 16];
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() (z =Dzl + @+ Dz-1<1L (9 2" —z -1 <z

(h) (;f;)2>1; (i) 200/(2%2 —2)2 < 1.

11. Write the solution of the following inequalities as union of intervals:

623 — 1222 — 30x 222 — bx x
(a) > 3z; (b) <
(x —4)(x+1) (x+2)(x—3) ~ 2
3% + 422 + 22 32 — 91 — 2
(o) ST S oy @) 2T S,

(x+5)(x+1) — (x+1)(z—3) —

[Hint: These questions are taken from the Degree Exams & Resits 2008/2010. You can

find detailed solutions on Moodle.]

12. Write the following sets as union of intervals:

Ai={zeR : (z+1)(z—3)(x—4)(z*+8) > 0} ; AQZ{xGR ; x+3<x};

1 r—3
= R : > : = R :
As {xe x+2—1¥+1}’ As {xe

r? — 3z + 10
A={rer: oy <)

13. Draw rough sketches (using shading) on separate little diagrams in R? of the fol-
lowing sets [Do not find points of intersection]|:

Az{(x,y)éRQ : —2x+y§8}3
B={(z,y) eR* : z+y<5};
Co=ANB  Cy= AUB:
D={(z,y) eR* : | —22+y| <8};
E={(z,y) €R® : |z +y| <5};
Fi=DNE&  F=DUE.

14. In the xOy plane, indicate the points satisfying each of the following inequalities:

@) [z —yl<1 () lz+yl[>2 () || =yl =1L
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(d) |=| + |y| < 3; (e) |z = 1]+ [y + 1| > 2; ) |z =yl + |z +yl <2

[Hint: A similar question to (d) together with its solution appears in the First Class

Test 2009 -- see Moodle. Questions (e) and (f) are somewhat similar.]

2. PROBLEMS INVOLVING QUADRATICS

1. Complete the square in each of the following quadratics:
(a) 2* — 61 — 40; (b) 32* + 122 — T; (c) 10 — 4a — 22%;
(d) 22 + 2 + 1; (e) 2° — zy + v (f) 2+ — 622
2. By considering discriminants, say whether the following curves cut the z—axis
lanswer ‘yes’ or ‘no’ to each|:
(a) y = 2° — 6 + 10; (b)y =4a* +2—T; (c)y =1— 4z — 227
(d)y=2"—z+1; (e) y =3 —b5x — 122%
3. For each of the following, use completion of the square to identify the point at which

the curve reaches its maximum or minimum value and sketch the curve roughly,
indicating the points (if any) where the curve cuts the coordinate axes

(a) y = 2* — 61 — 40; (b) y =3 — 21 — 2% (c) y = 20z — 4%
(d)y=a2*+z+1.
State the images of the functions associated with these curves.
4. For what values of o € R is the inequality

axr® + 3z + 4
— <5
2+ 2x + 2
satisfied for all values z € R?
5. Find all values of the parameter g € R for which the inequality

224+ Br+1
224+z+1

<

is satisfied for all values of x € R?
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3. MAPPINGS (DOMAIN, CODOMAIN, IMAGE/RANGE

1. Find the maximal domain of definition for the following two functions:

3—3x V33—
f(iﬂ):\/W—l; g(x) = 5 :
Tt r_ 2 +2x—2
3+ 2z — 2?

2. Recall that if f : A — B (A, B C R) is a given function and A" C A then, by
definition, the image of A" under f is the set

fA) ={f(x):xz € A'}.

If A” = A then the set f(A) is called the image of the function f and is usually
denoted by Im(f).

Consider the following simple situation: A = B = R and f(z) = 2z + 1. Find the
image under f of the following sets: (a) [—1, 1]; (b) [—2,0]; (¢) ( 5 () (1,2).

3. State the maximal domain and image of each of the following functions:

() ) =5 () @) =ViF 6o 00 (e) fole) =

1
241

x2—4’

(d) fa(z) =
4. Consider the following quadratic function, f(x) = 2? — 4z + 3. Calculate the image
under this function of the intervals I, = [—4,0] and I, = [1, 6].

5. Let f: R — R given by f(z) = z* — 2z. Calculate the following sets: (a) f([0,2]);
(b) f([=2,4]); (c) f([1,6]); (d) f([-10,0]).

6. Determine Im(f) for the following functions:

f:R—>R, f(z) = 2° 4 5z — 6;
[ R—=R, flx) =2 -2 +1;
x? —2r—3
"R—R - = =
JR=R, /() 2+ar+1’
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f:]R\{a;Lb}—ﬂR, f(x):% (a,b € R given numbers).

~

Find all linear functions f : R — R such that (f o f)(z) = x for all x € R.

S

Functions f, g, h: R — R are defined by

flo)=2*  gly) =siny,  h(z)=2".

Find simple formulas for the compositions fogoh and hogo f. Do they agree for
all values of x and should they?

9. Let f,g: R — R defined by f(z) = 3z + 1 and g(x) = = + 3. Solve the equation
(gofof)@)=(fogog)(z).

10. Solve the equation (f o f o f)(z) = x, where

fa) =T wer)

)
T+ a

11. Consider f,g : R — R given by f(z) = 22? — 1 and g(z) = 42® — 3z. Check that
fog=golf.

12. The function f : R — R is given by

4+ x, ifx <0,
fz) =

4—x, if z > 0.

Find a simple expression for f o f.

[Hint: Because the function has two different branches, calculating fof requires
us to solve the inequalities f(z) > 0 and f(x) < 0 before we substitute f(z) for =z

in the expression of the function.]

13. Counsider the functions

2x — 3, ifx <0,
JiR-R  f(r)=
Tz, ifx >0,
and
x2, if xr < -2,
g:R—R  g(z)=
2z — 1, ifx > —2.
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Find fogand go f.

[Hint: Something similar as before. For instance, to find gof we must find the values
of x for which f(z) < -2 and f(z) > -2, etc.}

14. Consider the function given by the expression

2 +ar+1

fle) = 22—z +1"°

Determine a € R such that Im(f) C [—3,2]. Are there any values of a € R for
which Im(f) = [—1,1]? Justify your answer.

4. INJECTIVITY, SURJECTIVITY & BIJECTIVITY

1. Show that the function
f:R—R, f(z) = az* +bx + ¢, (a #0)
is not injective (a, b, ¢ are given real numbers).

2. Prove that all linear functions f : R — R are bijective. For which such functions

f=f"
3. Is the function g : R — R, g(z) = 23 + x + 2 injective? Justify your answer.
4. Let f,g: C — C such that
g(x) = f(z) + flwx) + f(w'z), (V)2 €C,
where w € C \ R with w? = 1. Show that g is not injective.
2
Foern - (Sg). st

Show that the function is bijective.

5. Let

6. Consider the function f: R — R defined by f(z) = 23 + z.

(a) Establish the injectivity of f.

(b) Assuming that the function is surjective (this fact is non-trivial — don’t waste
time trying to prove it!), solve the equation f(x) = f~!(z), where the right-
hand side of this last equality denotes the inverse of f.
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7. Show that the following mappings are bijective and give the definition of their
inverses:

(a) f:[0,00) — (0,1],

(b) ¢ [32,212] — [0, 100],
g(z) = g(x S32), (V) e [32,212;
(¢) h:[3,00) = [-49,00),
h(z) = 2° — 62 — 40, (V) z € [3,00).
8. Consider the function f: N — N, defined by

n+1, if n is even
fn) = o
n—1, if n is odd.
Show that this function is bijective and find its inverse.

9. Consider the function

FoRAA{L} = RAA{L}, f2) = (V) v € R\ {1}.

x—1’

Show that this function is bijective and f = f~!, where f~! denotes the inverse of

f.
10. Let A, B,C C R be given sets, and consider the functions f : A — Bandg: B — C.

(a) If f and g are injective then g o f is injective.

(b) If f and g are surjective then g o f is surjective.
11. Show that the function f : R — R defined by
x2, ite > 2,
3r — 2, ife <2
is bijective and find f~!.

12. Consider the functions f : A — B and g: B — C, where A, B,C' C R.
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(a) If both f and g are bijective then g o f has the same property.

(b) Show that (go f)™'= f~log™L

(c) Let F: [1,00) — [1, 00) be defined by F(z) = 2°—32°+62* —72%+62? -3z +1.
Check that F(z) = (z? — 2 + 1)® and then use the previous two results to
establish that F'is bijective. Finally, find its inverse.

5. TRIGONOMETRIC FUNCTIONS & EQUATIONS

1. The questions that follow require you to establish an identity. This is usually proved
by evaluating the RHS and LHS separately and then comparing the two results.

(a) (1 +tan® A)(1 —sin® A) = 1;
(b) tan A + cot A = sec AcosecA;

1 1
= 2sec? A;
) T smA " Trema 2% A
1+sind
d) (tan A AP = —
(d) (tan A + sec A) s A

tan A 4 cot B B tanA_
cotA+tanB tanB’

(e)

(f) (14 tan A)* + (1 + cot A)* = (sec A + cosecA)?;

(g) sin <A + E) = L(sinA + cos A);

4 V2

T 1+ tan A
h) t A+ — )= ———
(b) an( +4) 1—tan A’

(i) sin3Acos A — cos3Asin A = sin 24;
(j) cos4Acos A —sin4Asin A = cos3A cos2A — sin 3Asin 24;
sin 2A

k) ————— =tan A;

( )1+C082A an £
cos2A T

0 1+sin2A_tan<Z_A)’

(m) 1 —cos2A +sin2A4
m —
14 cos2A +sin2A

(n) (2cos A+1)(2cos A —1) =2cos2A + 1;

tan A;

1X Calculus September 2010
Ciprian. Coman@glasgow. ac.uk



UNIVERSITY
of
GLASGOW

() sin 3A _cos 3A B
sin A cosA

2.

Y

(p) cos® A+ cos® <g - A) + cos? <g — A) = g;

(q) cos3Asin2A — cos4Asin A = cos2A sin A;
(r) cosbAcos2A — cos4Acos3A = —sin 2Asin A;

A A 1
(s) sin® (E + —) — sin? (E - —) = —sin A.
8 2 8 2 V2

2. Given that 4 3
cos A= - and cos B =—,
5 5

find cos(A — B).

3. It is known that

12
d B=—.
an cos E

sin A =
Find cos(A + B).
4. (a) Show that

é N A+ 27 n A+ 4r _0
coS 3 cos 3 cos 3 =0.

(b) Use the formula for the cosine of a sum of two angles and other appropriate
known results to establish that

4cos® A = cos3A + 3cos A.

(c) Use the previous results to simplify as much as possible the expression

cos® é +Cos3 A+ 2m +Cos3 At dr
3 3 3 )

5. Show that the expression

E, = cos® 6z + sin® 5x + sinz sin 11z

does not depend on x.
The same question for the expression

COS T sin x (1 —sinz) - (1 —cosx)

2 = - + -
1+Slnx 1+COS.T SINT - COST
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6. Given that 3sin B = sin(24 + B) find tan(A + B) — 2 tan A.
7. It is known that
cos A+cos B =« and sinA+sinB=( (a#0, o®+ % #0).
Find cos(A + B) in terms of a and f.

8. Show that

1 V3 cot 20° — cot 30° .
(a) sin 10° - cos 10° -5 (b) cot 30° — cot 40° = 2cos 20°.

9. Show that

2 T 237r+ 25’/T+ o m 16cos ™ 3w om Tm
cos” — + cos” — + cos” — + cos” — = 16 cos = cos — cOS — €Os —- .
16 16 16 16 8 8 8 8

[Hint: Use the double-angle formulae together with the sum-product formulae to transform

the LHS.]

10. Show that

m 2r 1
(a) tanﬂ:(\/é—l)(\/_—\/ﬁ); (b) cos?:Z(\/g—l).

11. If A, B, C are acute angles such that

1 1 1
tanA==, tanB=-, tanC =-
an 3 an 3 an 3

then show that A+ B+ C =7 /4.
12. If A, B, C are the angles of a triangle, show that

(a) sin® A+ sin® B +sin? C' = 2(1 + cos A cos B cos O);

(b) sin2A + sin 2B + sin 2C' = 4 sin Asin Bsin C.

[Hint: You’ll need to remember what is the sum of the angles of a triangle. For (a)

use the double-angle formulae to transform the LHS and then use the sum-product formulae.

For (b) use directly the sum-product formulae.}

13. Find
(a) sin (cosl (-%)) (b) cos (2 sin~! G)) (c) tan (sml (%))
(d)cos (cot™" (=2));  (e) cos(2tan™'(2)) —sin (4tan™" (3)) .
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14. Prove that the function

2x

= 2tan"! in~t ——
f(x) an~ x + sin e

assumes the same values for all x > 1. Find that value.
15. For what values of o € R does the equation
. ™ .
o sin <:1: + Z) =sin2z + 9
possess a solution?

16. Solve the following trigonometric equations:

1
(a) sinx:—é; (b) sin <2x+g) =1; (c) 2sinx cosx — 3sin 2z = 0;
1
(d) singcosg — cosgsing =7 (e) cos <3x — %) =—1; () Sin4g — Cos4g —
(2) cos%cosx — sin%sinx = %; (h) cot <2x+ g) =2 (i) cot <§ — 3) = —1;

(j) 2sinzcosx + V3 — 2cosz — V3sinz = 0; (k) tan’z — 4tanz + 3 = 0;

(1) 2tanz — 2 cot & = 3; (m) cos2x —3sinz +2 = 0.

17. Solve the following trigonometric equations:

(a) sinz = cos2x; (b) sin6x + sindx = 0; (c) 12cosx — Hsinz = —13;
(d) sin3x + cos2z = 1; (e) sinx + cosx = 1 — sin 2x;

7
(f) sin*z + costz = 5 sin x cos x; (g) tanz —sinz = 1 — tanx sin z.

18. Write each of the following as R cos(A + ¢), where R > 0:
(a) cos A — sin A; (b) — V3 cos A+ sin A.
Use (b) to find the general solution of the equation

—v3cos2x +sin2x = \/5

19. Find the general solution of the equation

sinbxr —sin 3z = \/§sin xT.
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20. (a) Show that
sin? A — sin® B = sin(A + B)sin(4 — B).

(b) Solve the equations:
(i) sin®z + sin® 2z = sin® 3z + sin” 4x;
(ii) sin®z + sin? 2z = sin” 3z.
21. (a) Using the double-angle formulae show that

1
sin* A = 3 (3 —4cos2A + cos4A).

(b) Solve the equation:
sin? z + sin? <x + z) = 1
4) 4
22. Solve the following trigonometric equations:

a) tanx + tan 2z + tan 3z + tan 4z = 0;

b) (secx + cosecr)V2 = sec? x + cosec?r;

3

(
(
(c) sec*w — tan*x = 7;
( r=1.

d) sin®z + cos

6. LIMITS OF FUNCTIONS

1. Find the following limits

_ r? -1 , -1 =z
(a) :lrlin12952—av—17 (b) iﬂﬁ—ﬂ—kx—l’ (c iﬁq r—1"
2sin?z +sinx — 1 4 1 -3z 422\ " |
d) 1 : li — 3————| .
(d) xirfgﬁ 2¢in’x — 3sinx + 1’ () 2ol [(mQ—x—l 1—23 + x3 — 1

[Hint: most of these limits are of the form lim, ., (...)/(...) in which both the numerator
and the denominator of the fractions are zero in the limit. Try to factor both the
top and the bottom so that you can remove the common term (r—z() before taking the

limit. ]
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i sin @ ]
G o
to evaluate the following limits:
2 1-— 6 tan 3
(a) lim s?n $; (b) lim cos $, (¢) lim an x’
z—0 sin 4x z—0 2 =0
. 1—cosbz . CcosST — cos3x
(@) lim === (e) lim ——5——
(f) lim :U3 +a? — 2; (2) lim sin(a + 2z) — 2sin(a + z) + sina
e—1 sin(x — 1) z—0 x2

3. By making use of the important result

P-QP = (P= QP +Q), (1)

evaluate the following limits:

V1t —V1-z V245 -2+
m ; m ;

(a) lim " (b) lim - (o) lim ——
\/61’—5—1" VO—x—2 T —/3r —2

d) lm Y2 lim Y= = i =Y =

{Hint: You’1ll have to make suitable choices for P and () in (1) ]

4. Find the limits indicated below:

1—a? — sin 2 in 2z

(a) lim — ’ ; (b) lim w; (c) lim <sm x) ;

z—1 sin Tx z—0 r + sin 3z z—0 T

1 inr — /1 —si i 1 —sin¥

(d) lim V1+sine —+/ smx; (¢) lim s.m T ; (f) lim ) ;

z—0 T z—1sin 3mx I

cos TL
(8) lim(1—a)tan =55 (0) Jim 2=
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7. DIFFERENTIATION

1. Using differentiation by first principles, find the derivative of each of the following
functions:

(d) V;  (e)

r+1

2. Using the Chain/Product/Quotient Rules, find the derivatives of the following func-
tions:

(a) 32° + 2* —da + 8; (b) 3z +1)%; (c) (2* +4)% (d) sinbz;

(e) cos2x; (f) 2% sin 3x; (g) 2% cos 2x; (h) cos®z;
(i) tan®x; () D (k) Va2 +1; (1) Vsinz;
1

(m) sec® ; (n)

V2 +1

3. Differentiate the following functions with respect to z, simplifying your answers as
much as possible:

2 5. 3 2. r . r
(a) (z°+ 1) (b) °(3x + 1)%; (c) poRwT (d) =1
20 —1\°
(e) sin*2x; (f) v cos2x; (g) (296 n 1) ; (h) V1 + sin® z;
x
3
g ' N dp (1) ST 1 '
(i) x” tan x; (j) sin®zcosdx; (k) p—— (1)  cot x;
1
(m) (secz + tanx)?; (n (0) sin~' 2x; (p) cos™!2m;

secx + tan x;
(q) cosec’r; (r) tan™* <g) ; (x) V1 — 22 (t) V1 — z?; (u) V1 + 22 ™.
4. Differentiate the following functions with respect to z, simplifying your answers as

much as possible:

1+

1l—=x

(a) xlogx — x; (b) log(z® + 1); (c) log ( ) ; (d) log(secz + tanz);
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8. IMPLICIT DIFFERENTIATION

1. Find dy/dx in terms of z and y if

(@ ay—aw+2y=1 ()2’ +y’=1 ()2’ +ay =y’

(e) z%y® =22 — y; (f) 2* +4(y — 1)* = 4; (g) i ;Zgj
2. Find d?y/dz?* in terms of x and y if
(a) zy = x +y; (b) 2% + 4y = 4;
(c) 2® =y +y° = ; (d) 2° — 3wy +y° = 1.

3. If Az? + By* = C, show that
Py (AC\ 1
dr?2 B2 y3'
4. Calculate d*y/dz?* at the point (1,1), if
2>+ 5y 4y —2x+y—6=0.
5. Calculate d?y/dz?* at the point (0, 1), if
ot —zy+yt =1

6. A function y = y(x) is defined implicitly by the equation
224+ 20y + 9y —dr+2y—2=0.

Calculate d’y/dx® at the point (1,1).

(d) 2%y + 2y® = 2;
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7. Given that 2% + y? = R? find d®y/dz®.
9. INTEGRATION:
9.1 standard types & variants

1. Find the following integrals

W [mmin 0 == © [

@ [ g © [Fgan 0 [ hpa

2
x

dx.

() /a:2—|—9 o

9.2 by parts

1. Use integration by parts to find the following integrals
(a) /xe‘r’x dz; (b) /xsin 2x dux; (c) /xlogxdx;
(d) /x4 log = du; (e) /(log r)? da; (f) /x2 sin z dx;

(2) /(x2 + z)e " dz; (h) /e_“’ sin 2z dx; (i) /e?’l’ cos 2x dz.
2. Prove the following formulae

(a) /xQex dr = e*(2* — 2z + 2) + Const.;

(b) /%26_33 dz = —e *(2° 4 22 + 2) + Const.

1X Calculus September 2010
Ciprian. Coman@glasgow. ac.uk



UNIVERSITY
of
GLASGOW

9.3 by substitution or change of variable

1. By means of a change of variable or otherwise find the following:

(a) / ! dz; (b) /(53: +4)" V2 da; () /cos(Qx + 3) da;

3x+1
() /Nﬂdx; (e) /%de; (f) /mdx;

® / RS T / ze~dey (i) / \/%dx;

Q) [ota 0P de @) [scardn ) [

) [T 0 [ 0 [
W [T @ [t 0 [

2. The same question for the integrals included below: Use integration by parts to find
the following integrals

(a) /x3\/de; (b) /xlog(x2+ 1) dx; (c) /de;

X
() /7933 dr: (o) /793 dz:  (f) /SGCQId
x4 416 o x4 416 o tanz

(2) / ?Vr +2dz;  (h) / e 2 dx.

3. Use a suitable change of variable to determine the following:

(a) / sin? @ cos 0 db; (b) / cos® 0 sin 0 do;

(c) / Vsin 6 cos 6 d); (d) / cos* fsin® 0 dé.
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9.4 general problems

1. Find the integrals:

(a) / sin? 6 d); (b) / cos? 6 d6; (c) / sin? 6 cos? § db;

(d) /00840d0; (e) /cos2 46 do; (f) /sin6 6de.

2. Find the following:

(a) /tan&d@; (b) /tanQQdH; (c) /cot3«9d«9; (d) /cot22«9d«9.

3. Find the following:

(a) /sec&d@; (b) /secQHdH; (c) /sec3€d«9; (d) /sec4«9d€.

4. Find the following:

(a) /tanlxdx; (b) /xtanlxdx; (c) /sinlxdx;

5. Use trig substitutions or otherwise to find:

(a) /\/de; (b) /(a2 — 2P dg © /( T

d .
x+2)? .

(d) /mdx; (e) /\/ﬁdx.

(Here a > 0 is a given number).
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6. Using partial fractions or otherwise find the following:

@ [ a0 [ @ [ g

2+ 2x+4 . r— 14 ‘ 3r+ 2
(d)/ ey o © /(x—Q)(x2+8) de; () /(x+1)(:1:2+2x+2) de

7. By completing the square, calculate the integrals:

W [ medn ) [

1 1
dx; d ——duz;
(C)/ Z—dr 113 ()/x2—4x+8 .
1 1
— dx; f dx.
© [omn O [
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