
Numerical Differentiation

Ciprian D Coman



Outline  

❑ Motivation

❑  Finite-difference formulae

❑  Introduction to error analysis



MOTIVATION



Motivation 

A GPS device records the position 
of a car every second along a road.

How fast was the car travelling 
at 𝑡 = 6 𝑠? 



Motivation 

A GPS device records the position 
of a car every second along a road.

How fast was the car travelling 
at 𝑡 = 6 𝑠? 

Speed is the rate of change of position:

𝑣 𝑡 =
𝑑𝑥

𝑑𝑡

But we only have position measurements 
at discrete times.
 
How can we estimate 𝑣 6  from this data?
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(𝑥1, 𝑦1) (𝑥2, 𝑦2)&

𝑆𝐿𝑂𝑃𝐸 =
𝑅𝐼𝑆𝐸

𝑅𝑈𝑁
=

𝑦2 − 𝑦1
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𝜃



FINITE-DIFFERENCE

FORMULAE



Setting the stage 
𝑥𝑗 = equally spaced points

𝑗 = 1, 2, 3, …

𝑓𝑗 ≡ 𝑓(𝑥𝑗) = sampled data
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Setting the stage 

DON’T KNOW

Want to approximate the slopes 
of the green line segments 

OUR GOAL:
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Example 

Step size 𝒉 Forward Difference Backward Difference Central Difference

𝑓 𝑥 =  𝑒𝑥 𝑓′(1) = 2.718281828 … . (exact value)



Try it yourself
(3 minute activity) 



Try it yourself
(3 minute activity) 

Answers:



ERROR ANALYSIS



Taylor’s formula
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Estimating the ERROR
(Forward Difference)

Set 𝑥0 = 𝑥𝑖     and note that 𝑥0+ℎ =  𝑥𝑖 + ℎ = 𝑥𝑖+1

SOLVE FOR THIS
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We say that the truncation error in 
the Forward-Difference formula
is of order ℎ.

This is abbreviated as 𝐸ℎ = 𝑂(ℎ)  
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this means the error term 
is proportional to ℎ2
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Summary

❑Approximations for 1st order derivatives from discrete data;
     these are known as finite-difference approximations

❑Taylor expansions can be used to explain the truncation error 
     of the finite-difference formulae

Accuracy: 𝑂(ℎ) Accuracy: 𝑂(ℎ) Accuracy: 𝑂(ℎ2) 
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