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Motivation
GPS Position Data

Plot 1: Discrete GPS Data
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Motivation

A GPS device records the position
of a car every second along a road.

How fast was the car travelling
att =65?

Speed is the rate of change of position:

dx
U(t) = E

But we only have position measurements
at discrete times.

How can we estimate v(6) from this data”?

GPS Position Data
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Position is measured along a straight
road (meters). Positive is east.
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Plot 1: Discrete GPS Data
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Motivation

Position = (m)
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Plot 2: Smooth Curve Through the Data
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Motivation

Position = (m)

40 -

35 1

30 A

25 1

20 -

15 1

10 -

Plot 2: Smooth Curve Through the Data
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Plot 2: Smooth Curve Through the Data
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Tangent to the curve
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Slope = speed v(6)
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Plot 2: Smooth Curve Through the Data
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ASIDE: slope of a line

\/

o,\



ASIDE: slope of a line

Any two points on the line:

(x1,Y1) & (x2,¥2)

Y2
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ASIDE: slope of a line

Any two points on the line:

(x1,Y1) & (x2,¥2)
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ASIDE: slope of a line

Any two points on the line:

(x1,Y1) & (x2,¥2)
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FINITE-DIFFERENCE

FORMULAE




equally spaced points

Xj=
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Setting the stage

Contin;zous Function (Joined by a Smooth Curve) <«—
T4)

DON’T KNOW




Setting the stage

OUR GOAL:

Want to approximate the slopes
of the green line segments

Continuous Function (Joined by a Smooth Curve) <«—
f(z4)

DON’T KNOW




Ways to approximate slopes
(finite-difference formulae)

Forward difference
(X%

APPROXIMATED

Xi Xi+1

fl(xi) ~ f(Xi+ 1;"— f(Xi)

“approximately equal to”



ASIDE: “approximately equal to”’

Cf(in) = f ()

fle) ~ =5



ASIDE: ‘“approximately equal to”

fie = L) =)

N

this means that:

£ = f(xi+1)h— fXD | prroR TERM

En



ASIDE: “approximately equal to”’

fie = L) =)

N

this means that:

£ = f(xi+1)h— fXD | prroR TERM

TRUE PROPOSED En

VALUE APPROXIMATION



Ways to approximate slopes
(finite-difference formulae)

Forward difference Backward difference

fx) flxk

APPROXIMATED
SLOPE

APPROXIMATED

(Xi+1)

SLOPE
Xi Xi+1 X Xji-1 X;
h h
fl(xi) ~ f(Xi+ 1;‘)_ f(Xi) fI(Xi) ~ f(Xi) _’:(Xi— 1)

“approximately equal to”



Ways to approximate slopes
(finite-difference formulae)

Forward difference Backward difference Central difference
f(xh fixh

(Xi+1)

f(xh

APPROXIMATED
SLOPE

APPROXIMATED
SLOPE

APPROXIMATED

(Xi+1)

SLOPE
Xi Xi+1 X Xi-1 Xi X Xi-1 Xi Xi+1
h h h h
f(Xi+1) — F(X; f(x;) — fX; - fXi+1) — FXj—
fi(x;) = (X""l)‘) (xi) fl(x;) =~ (Xi) h(Xl 1) f(x;) =~ (X1+1)2h (Xi—1)

“approximately equal to”



Example

fx) = e* :D £'(1) = 2.718281828.....



Example

f(x) = e* :D £'(1) = 2.718281828....

o
1—2h 1—nh 1 1+h 1+ 2h

ﬂ POINT

OF INTEREST



Example

f(x) = e* :> £'(1) = 2.718281828....

Fy~ 2

1+h) — f(1) iy ~ 4 = (1 —h) 11y~ JA+h)— F(1—h)
- (1) = - f(1)= o7

@
1—2h 1—nh 1 1+h 1+ 2h

ﬂ POINT

OF INTEREST



Example

f(x) = e* :> £'(1) = 2.718281828....

(1) ~ f(1+h})l—f(l) 7y~ {0 —}{(l—h) fa)~ A= F1=h)

2h
Step size h Forward Difference Backward Difference = Central Difference
0.10 2.85884 2.58679 2.72281
0.05 2.78739 2.65167 2.71941

0.01 2.73192 2.70474 2.71833



Try it yourself
(3 minute activity)

The values of a function are given below.

L 1.9 2.0 2.1

f(z) 3.61 4.00 4.41

Estimate f'(2) using:
1. the forward difference;

2. the backward difference;

3. the central difference.



Try it yourself
(3 minute activity)

The values of a function are given below.

L 1.9

f(z) 3.6

Estimate f'(2) using:
1. the forward difference;

2. the backward difference;

3. the central difference.

2.0

4.00

2.1
4.41
Answers:
4.41 — 4.00
! 2 ~ —
4.00 — 3.61
! 2 ~ —
441 — 3.61
f(2)~ —

0.2



ERROR ANALYSIS




Taylor’s formula

h h? h3
fro+ 1) = fCxo) + 7 Cro) + 57 £ (o) + 57 7 (o) + -+

for any h small



Estimating the ERROR
(Forward Difference)

X Xi + h = Xi+1

h

h h? h3
flxo+h) = f(xy) + ﬁf’(x(’) + Ef”(x()) + af”’(xo) + - for any h small

Setx, = x; andnotethat x,+h= x;+h=x;,4



Estimating the ERROR
(Forward Difference)

h h? h3
flxo+h) = f(xy) + Ef’(xo) + Ef”(x()) + if”’(xo) + - for any h small

Setx, = x; andnotethat x,+h= x;+h=x;,4

h h? h3
fCiva) =) +ﬁf,(xi) +Ef”(xl-) +§f”'(xi) + -



Estimating the ERROR
(Forward Difference)

h h? h3
flxo+h) = f(xy) + Ef’(xo) + Ef”(x()) + if”’(xo) + - for any h small

Setx, = x; andnotethat x,+h= x;+h=x;,4

h h? h3
fCiva) =) +ﬁf,(xi) +Ef”(xl-) +§f”'(xi) + -

SOLVE FORTHIS



Estimating the ERROR
(Forward Difference)

h / h2 I h'3 117
fGin) = FO) + /G + o f7C) + 50 f7 ) + -

|l> i+1/) — i h hz
f,(xi) — f(x 1)h f(x ) . Z!f”(xi) . if”,(xi) - ..



Estimating the ERROR
(Forward Difference)

h / h2 I h3 117
fGin) = FO) + /G + o f7C) + 50 f7 ) + -

l[: i+1/) — i h hz
f,(xi) — f(x 1)h f(x ) . Z!f”(xi) . if”,(xi) - ..

also known as
truncation error




Estimating the ERROR
(Forward Difference)

REAL

[ @ @ @ @ ® o éL[NE

h 1 h2 77
En == f"Ca) - 3 [ =

f(xiv1) — f(x;) +E

fre) = = :




Estimating the ERROR
(Forward Difference)

f(xi+1)h— fx) E,

h h?
En=—of700) = o7 f70a) =

f(x) = 2!

1 1 h 77
=h|=5f (xi)—ﬁf (i) — -

= h X constant = Ch



Estimating the ERROR
(Forward Difference)

h
) — . h h?
X X 7 1
priey = LD ZTED B = = 100 = o fC) = o
{-) 1 17 7
We say that the truncation error in =h B () — 31 (i) — -
the Forward-Difference formula ' '

is of order h.
= h X constant = Ch

This is abbreviated as E;, = 0(h)



Other error
estimates

F(x) = fG) _hf(xi—l) + 0(h) Backward Difference

ERROR
of order h



Other error

. ® ® @ ® ® ®
estimates
h h
F(x) = fG) _hf(xi—l) + 0(h) Backward Difference
ERROR
of order h

i) = f(xi2q)
2h

i) = + 0(h?) Central Difference

ERROR
of order h?



Other error

. ® @ @ ® ® ®
estimates
h h
F(x) = fG) _hf(xi—l) + 0(h) Backward Difference
ERROR
of order h

i) = f(xi2q)

~ + 0(h?) Central Difference

fl(x) =

ERROR
of order h?

this means the error term
is proportional to h?




Summary

J Approximations for 15t order derivatives from discrete data;
these are known as finite-difference approximations



Summary

J Approximations for 15t order derivatives from discrete data;
these are known as finite-difference approximations

F(2:) ~ f(@iv1) — f(z;) fr(mi)gf(mi)_f(mi—l) F(2:) ~ f(xip1) — f(zi1)

h h 2h



Summary

J Approximations for 15t order derivatives from discrete data;
these are known as finite-difference approximations

F(2:) ~ f(@iz1) — f(zi) () ~ f(zi) — f(zi1) F(2:) ~ f(@iy1) — f(zia)

B h 2h

J Taylor expansions can be used to explain the truncation error
of the finite-difference formulae



Summary

J Approximations for 15t order derivatives from discrete data;
these are known as finite-difference approximations
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