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Vector-Covector Duality

Broadly speaking: 

               Vectors are objects that “get measured”       (YIN)

 Covectors are objects that “measure”           (YANG)



Covectors are “basically” row vectors
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COVECTOR:    VECTOR NUMBER



More formally…
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The set of all such linear functions forms a vector space, 𝑉∗ = the dual of 𝑉 
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Re-interpretation: DIRECTIONAL 
DERIVATIVES
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Re-interpret the 𝑑 symbol….
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NEW: Scalar Field
𝑑

Covector Field

𝑓 𝑑𝑓

(1-differential form on ℝ2)

Directional Derivative



Aside: directional derivative at a point P

❑ 𝑑𝑓𝑃 ∶ 𝑇𝑃(ℝ2) ⟶ ℝ linear mapping

❑ can be expressed as 

𝑑𝑓𝑃 Ԧ𝑣 =  ∇𝑓(𝑃) ∙ Ԧ𝑣 for all  Ԧ𝑣 ∈ 𝑇𝑃(ℝ2)

𝑓: ℝ2 ⟶ ℝ given scalar field



1-forms: general expression

𝜔𝑃 = 𝑎 𝑃 𝑑𝑥 + 𝑏 𝑃 𝑑𝑦

𝜔: Ω ⊆ ℝ2 →  ራ

𝑃∈Ω

𝑇𝑃(ℝ2) 

linear

𝑃 ∈ Ω ⟶ 𝜔𝑃 ∈ 𝑇𝑃 (ℝ2) ∗

given functions of position



Scalar Field
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(e.g., temperature)

(density plot) (3D plot)
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𝑓 𝑥, 𝑦 = 𝑦2 + 𝑥 −
1
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Scalar Field Covector Field

(1-differential form on ℝ2)
𝑓 𝑑𝑓

(e.g., temperature)

⋯ 𝑓 = −1 𝑓 = 0 𝑓 = 1 𝑓 = 2 ⋯
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