
MA4011: Project A

Let Ω ⊂ R2 and consider the partial differential equation

∂2u

∂x2
(x, y) +

∂2u

∂y2
(x, y)− αu(x, y) = f(x, y) for (x, y) ∈ Ω, (1)

where α ∈ R and f : Ω −→ R is a given function.

1. Assuming that f ∈ L2(Ω) explain what is meant by a weak solution of (1), in the following
two cases

u = 0, on ∂Ω. (2a)

∂u

∂n
= 0, on ∂Ω, (2b)

where n = (n1, n2) is the outward unit normal to ∂Ω, the boundary of Ω.

2. State the weak formulations corresponding to the boundary conditions (2a) and (2b),
respectively. Explain why these weak formulations admit a unique solution.

3. Show that if the right-hand side of (1) is smooth enough, and the corresponding weak
solution is assumed to be also smooth enough, then the this solution is also a strong
solution.

4. Assume that Ω := [0, 0.4]× [0, 0.4], α = (25/2)π2 and

f(x, y) = −25π2 sin
5π

2
x sin

5π

2
y.

Write a FEM computer program for approximating the solution of (1) with linear trian-
gular elements for the case of the Dirichlet boundary condition (2a); compare your results
with the exact solution

uD(x, y) = sin
5π

2
x sin

5π

2
y.

5. If uh is the FEM approximation computed at Question 4, where h is the meshsize pa-
rameter, evaluate

E :=
‖uD − uh‖H1(Ω)

h

for a set of decreasing values of h (take h1 < h2 < h3 < h4, small numbers). Examine the
dependence of E on h and explain what happens.

6. Repeat Questions 4 & 5 for (1) together with the Neumann boundary condition (2b).
Compare your results with the exact solution, in this case,

uN (x, y) = cos
5π

2
x cos

5π

2
y.
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