
Department of Mathematics

Level 5: Further Linear Elasticity

Background

This course will build on the fundamental linear elasticity course that is given in 4H. The solution
of many problems of practical interest within the area of linear elasticity hinges on the ability
to solve certain boundary-value problems posed on two- and three-dimensional domains. There
are a number of general strategies that facilitate the solution of such problems.

Aims of the course

To demonstrate the further use of linear elasticity to solve general classes of boundary-value
problems, and to provide an introduction to the use of approximate methods for solving them.

Pre-requisites

This course is the continuation of the 4H Introduction to Linear Elasticity , which represents an
essential prerequisite. The 3H courses Differential Equations 1 &2 will also be needed in order
to fully appreciate the topics that will be covered.

Recommended reading

The following is a list of some useful texts:

1. W. S. Slaughter, The Linearised Theory of Elasticity , Birkhauser, 2002
(this will be the main text used).

2. J. R. M Barber, Elasticity (2nd. ed.), Kluwer Academic, 2002.

3. R.J. Atkin and N. Fox, An Introduction to the Theory of Elasticity , Dover Publications, 2005.

4. S. P. Timoshenko, History of Strength of Materials, Dover Publications, 1983.

Course content

1. Elasticity equations in curvilinear coordinates. Includes the use of cylindrical and spheri-
cal coordinates to express: strain and stress tensors, Hooke’s constitutive law; divergence
of vector and second-order tensor fields; Laplacian and gradient of scalar and vector fields.
Solutions of some simple problems in cylindrical or spherical coordinates: spherical pres-
sure vessel; two-dimensional circular hole in a shear or a unidimensional tensile field at
infinity; annular plate radially stretched; annular plate with tensile forces on one boundary
and azimuthal shearing on the other.
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2. Torsion of non-circular cylinders. Includes: warping function; boundary-value problem in
the general case when the cross-section is a domain bounded by an arbitrary curve; par-
ticular geometries: circular, elliptical or rectangular cylinders; Prandtl stress function;
torsion of cylinders with other simply connected cross-sections.

3. Solutions of three-dimensional problems via potential functions. Includes: fundamental
solution for the Poisson’s equation; three-dimensional Dirac delta function; Helmholtz rep-
resentation theorem; Green’s theorem; Helmholtz’s displacement potentials; Papkovitch-
Neuber representation; Mindlin’s problem; Boussinesq’s problem.

4. Variational methods in linear elasticity. Includes: Principle of Virtual Work, Principle of
Minimum Potential Energy; complementary strain energy and the corresponding minimum
principle; approximate solutions via the Rayleigh-Ritz method; applications of approxi-
mate solutions to torsion problems. Other possible topics: Castigliano’s theorem and its
application to structural mechanics.

Intended learning outcomes

On completion of this course the students will be expected to know and understand the main
aspects of the theory and should be able to

• derive the relevant equations for an isotropic linearly elastic solid in various systems of
coordinates;

• solve the harmonic and bi-harmonic equations for a number of regular geometries (rectan-
gle, circle, annulus);

• explain the practical relevance of potential representations for the Lamé-Navier system of
equations;
.

• derive and state the displacement and stress fields in an elastic solid subjected to various
types of concentrated forces;

• describe the torsion of beams of circular and polygonal cross-sections and explain the role
of the Prandtl function in this context;

• formulate various variational principles for isotropic linearly elastic materials, and use
them to find approximations for the torsion problem.
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